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PREFACE.

———

- I mAvE endcavoured in the following treatise to place
before the student a complete series of those propositions
in Hydrostatics, the solution of which can be effected with-
out the aid of the Differential Calculus, and to illustrate
the theory by the description of many Hydrostatic Instru-
ments, and by the insertion of a large number of examples
and problems. '

In doing this I have had in view the courses of prepara-
tion nccessary for the first three days of the Examination
for the Mathematical Tripos, for some of the Examinations
of the University of London, and for various other Exa-
minations in which moro or le:?s kuowledge of Hydrostatics
is required.

As far as possible the whole of the propositions are
strictly deduced from the definitions and axioms of the
subjcct, but it is occasionally necessary to assume empirical
resufts, and these assumptions are distinetly pointed out. I
have thought it advisable to givo a slight account of some
cases of fluid motion, and also to give an explanation of
some of the more important phenomena of sound; in each
of these cases I have assumed, as the basis of reasoning,
certain facts which can be deduced from theory by an
analytical investigation, but which it may be useful to the
student to accept as experimental results.

The Geometrical facts which are enunciated at the end
of the Introduction are such as can be demonstrated with-
out the aid of the Differential Calculus



vi Preface.

By Professor Miller’s kind permission, I have been
allowed to make use of the Chapter on Iz;.struments in his
Hydrostatics: of this permission I have availed myself in
many cases, and, in particular, I am entirely indebted to
Professor Miller for the descriptions of the Piezometer and
Btereometer, and for information and references having
regard to those instruments.

The slight historical notices appended to some of the
Chapters are intended to mark the principal steps in the
progress of the science, and to assign to their respective
authors the exact values of the advances made at different
times,

I have given, in most cases, the answers to the examples
and problems, and these will, I hope, sufficiently illustrate
the subject, and form for the student a collection of uscful
and instructive exercises.

W. H. BESANT.

ST JOEN’S COLLEGE,
April, 1863.

PREFACE TO THE TENTH EDITION.

IN the present edition the text has been carefully revised,
a chapter on Capillarity has been inscrted, and other ad-
ditions have been made. I venture to hope that these
additions will be an aid to the Student and will increase
the utility of the treatise as a Textbook.

W. H. BESANT.
St Jorn’s CornEGE,
April 1882,
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ELEMENTARY HYDROSTATICS.

INTRODUCTION.

THE object of the'science of Hydrostatics is to discuss
the mechanical properties of fluids, or to determine
the nature of the action which fluids exert upon each other
and upon bodies with which they are in contact, and to ex-
plain and classify, under general laws, the varied pheno-
mena relating to fluids which arc offered to the attention
of an obscrver. To effect this purpose it is necessary to
construct a consistent theory, founded upon observation
and cxperiment, from which, by processes of deductive
reasoning, and the aid of Geometry and Algebra, the ex-
planations of phenomena shall flow as consequences of the
definitions and fundamental properties assumed ; tho test
of the theory will be the coincidence with observed facts of
the results of such reasoning.

‘We shall assumeo in the following pages that the student
is acquainted with the elecments of Plane Geometry, with
the simpler portions of Algebra and Trigonometry, and of
Statics, and, in the later chapters, with a few of the proper-
ties of Conic Scctions, and certain results of Dynamics.

In dealing with any mechanical science, we may take as
the basis of our reasoning certain known laws, derived from
experiment, or we may deduce these laws from a set of

B. E. H. 1



2 ) 'Iitroduction.

axioms and definitions, the axioms being the result of in-
ductive reasonings from observed facts. With our present
subject it is generally necessary to rest upon empirical
laws, but in some cases these laws can be deduced from
.the axiomatic definition of a fluid. For instance, in the
first chapter we have stated as experimental laws the prin-
ciples of the equality of pressure in all directions and the
transmission of pressure, but this formal statement of fact
is followed by a deduction of the laws, by strict reasoning,
from the axiomatic definition.

The idea of a varying fluaid pressure and of the measure
of such pressure is one of the first which presents itself as
a difficulty ; the student will perceive that it is a difficulty
of the same kind as the idea of varying velocity and its
measure. A body in motion with a changing vclocity has,
at any instant, a rate of motion which can be appreciated
and measured; and, in a similar manner, the pressure at
any point of a fluid can be conceived, and, by reference to
proper units, can be made the subject of calculation.

In problems rclating to the equilibrium of fluids, an
artificial mode of thought enables us to reduce such pro-
blems to the form of statical problems, and we are thus
enabled to employ the laws of equilibrium, which have been
proved for rigid bodies.

Some of the most important results of the science will
be found in the construction of Hydrostatic instruments ;
a consideration of these instruments, many of which we
shall describe, will shew how universal are the practical
applications of fluids, and that, whilo doing the hardest
work of levers and pullies, they at the same time assist in
the most delicate manipulations for determining weights
and measures. The Hydraulic Press and the Stereometer
illustrate these extreme applications of the properties of
fluids. .

The articles printed in smaller characters in the follow-
ing chapters may if necessary be omitted during a first
reading of the subject, and the Examination papers which
follow the first eight chapters are intended as a first course
of questions upon the chapters. The examples which follow
the Examination papers are somewhat more difficult, and
should be dealt with after the former have been studied
and discnssed.
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The following etrical facts are assumed and em-
ployed in some of the examples. .

The voluMe of a pyramid or of a cone is one-third of
the prism or cylinder on the same base and of the same
altitude.

, The volume of a sphere is 4715, and its surface is
! 413, r being the radius. L —

The volume of a paraboloid of revolution is one-half
the cylinder on the same base and of the same altitude,

The surface of a cone i3 nr’q_m r being the radius
of the base and a the semivertical angle. This may also
be written weN' I+ 10, h being the altitude of the cone.

The area of an ellipse is wab, 2a and 2b being the
lengths of its axes. —

The area of the portion of a parabola cut off by any
ordinate is two-thirds of the rectangle, the sides of which
are the ordinalé and corresponding abscissa.

: It is also assumed that the weight of a cubic foot ¢f
water t8 1000 o0z,



CHAPTER 1.

Definition of a Fluid, Compressibility of Liquids, Fluid
Pressure, Transmission of Pressure, Equality of
Pressure tn all directions, Hydrostatic Bellows,
Hydrostatic Paradox, Hydraulic Presses, and
Safety Valves.

1. I'.l‘ is a matter of ordinary observation that fluids are
capable of exerting pressure.

A certain amount of effort is necessary in order to im-
merse the hand in water, and the effort is much more sen-
sible when a light substance, such as a piece of wood or
cork, i3 held under water, the resistance offered to the im-
mersion being greater as the pieco immersed is larger.
This resistance can only be caused by the fluid pressure
acting upon the surface of the body immersed.

If an aperture be made in the side of a vessel contain-
ing water, and be covered by a plate so as to prevent the
escape of the water, a definite amount of force must be
exerted in order to maintain the plate in its position, and
this force is opposed to, and is a direct measure of, the
pressure of the water.

* That the atmosphere when at rest exerts pressure is
shewn directly by means of an air-pump. Amongst many
experiments a simple one is to exhaust the air within a
receiver made of very thin glass; when the exhaustion has
reached a certain point depending on the strength of the
glass, the receiver will be shivered by the pressure of the
external air. The action of wind, the motion of & wind-
mill, the propulsion of & boat by means of sails, and other
familiar facts offer themselves naturally as instances of the
pressure of the air when in motion. )



Definition of a Fluid. . 5

2. All such substances as water, oil, mercury, steam,
air, or any kind of gas are called fluids, but in order to
obtain a definition of a fluid, we have to find a property
which is common to all these different kinds of substances,
and which does not depend upon any of the characteristics
by which they are distinguished from each other. This
property is found in the extreme mobility of their particles
and in the ease with which these particles can be separated
from the mass of fluid and from each other, no sensible
resistance being offered to the separation from a mass of
fluid of a portion whether large or small.

If a very thin plate be immersed in water, the resistance
to its immersion in the direction of its plane is so small as
to lead to the idea that a perfectly fluid mass is incapable
of exerting any tangential action, or, in other words, any
action of the nature of friction, such for instance as would
be exerted if the plate were pushed between two flat boards
held close to each other. Observations of such experiments
have led to the following definition :

A Fluid is a substance, such that & mass of it can be
nery easily divided in any direction, and of which por-
tions, however small, can be very easily separated jfrom
the whole mass ; ]

' And also to the statement of the fundamental property
of a fluid, viz.:

The Pressure of a fluid on any surface with whick it
is in contact 18 perpendicular to the surfuce. .

3. Fluids are of two kinds, liquid W the
former being practically incompressible, while the latter,

by the application of ordinary force, can be easily compress.,
, ed, and, if the compressing force be removed or diminished,
will expand in volume.
Liquids are however really compressible, but to a slight
degree.
Experiments made by Canton in 1761, Porkins in 1819,
Oersted in 1823, Colladon and Sturm in 1829, and others,
have proved the compressibility of liquids. .
The last two obtained the following results, employing
a pressure of one atmosphere, that is 14§1bs. on a square
inch, at the temperature 0°
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.. Oomaresdon of unit of volume.
MOBOULY ovvvveescvrniersasnnivssnaanivasssnsisninee .000005
Distilled mter veresieies Veorrenens eseerenane 000049
" » deprived of air ............. 000051
Bulphuric ether........cccvveerrennaninincnannns 000133

Moreover the decrease in volume, for the same ligwid,

_ 18 proportional to the pressure.

AIf ¥ be the original volume of a liquid, and 7~ its
volume under a pressure p, ¥— ¥V is the decrease in the
volume ¥, and therefore Z—V— is the decrease in each
unit of volume,

Hence the law may be thus stated :

V-v
—— <P=pp,
where u is different for different fluids,

Thus for mercury, if p he measured by taking one atmo-
spheric pressure as the unit, we have 4 =.000005. We shall
however, in all questioiis relating to equilibrium, consider
liquids as incompressible fluids.

Moamre of fluid pressure.

4. The pressnre of a fluid on a plane is measured,

. when uniform over the plane, by the force exerted on an

unit of area.

Thus, if a vessel with a moveable base contain water,
and if it be necessary to employ a
force of 601bs. upwards to keep the
base at rest, then 601bs. is*the pres-
sure of the water on the base ; and,
supposing the area of the base to be
4 square inches, and that a square
inch is the unit of area, the measure
of the pressure a¢ any point of the base is 151bs.

'l‘hepreuureonapointofthebueuofwnuem,
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If the gessure be variable over the plane, as, for in-
stance, on the vertical side of a vessel, the pressure at any

point is measured by the pressure which would be exerted
on an unit of area, supposing the pressure over the whole
unit to be exerted at the same rate as it is at the point.

In order to measure the pressure of a fluid at any point
within its mass, imagine a small rigid plane placed so as
to contain the point, and conceive the fluid removed from
one sido of the plane and the plane kept at rest by a force
of P 1bs. Then if a be the area of the plane, and the pres-

sure over it be uniform, 1—: is the pressure on each unit of
=4

urea, and this is usually represented by p. e

If the pressure over the plane be variable, we may sup-
pose the area a made so small that the pressure shall be
sensibly uniform, and in this caso 2 will be small as well

as a, but % or p will measure the rate of pressure at the
point ¥,
Or we may say that —E is the measure of the mean

pressure over the area a, and that, when a is small, this
mean pressure is the actual pressure.

5. Transmission of fluid pressure.

Any pressure, applied to the surface of a fluid, is
transmitted equally to all parts of the fluid.

If a closed vessel be filled with water, and if 4 and B
be two equal openings in the A

top of the vessel, closed by
pistons, it is found that any EJ;_J,_

pressure applied at 4 must ="
be counteracted by an equal |—=—=————_—
pressure at B to prevent its -

being forced out, and if € be a piston of different size, it
is found that the pressure applied at ¢ must bear to the
pressure on A the ratio of the area of C to that of 4, and
that this is the caso whether the piston B exists or not.

* This inay be expressed by saying that p 1s the ultimate value of Swhen
a, and therefore P, are indefinitely diminished.




8 Transmission of Pressure.

Taking a more general case, if a vessel of any shape
have several openings closed
by pistens, kept at rest by suit-
able forces, it will be found that
any additional force P applied
to one piston will require the
application, to all the other
pistons, of additional forces,
which have the same ratio to
P as the arcas of the respec-
tive pistons have to that of the
piston to which P is applied.

6. To explain the reason of this equal transmission,
imagine a tube of uniform bore filled with water and closed
by pistons at 4 and B. Then it may be assumed as self-

evident, that any additional force applied at 4 will require’
an equal additional force at B to counteract it and keep
the fluid at rest.

Now suppose in the figure that 4 and B are equal
pistons, and draw a tube of uniform bore and of any form
connecting the two, and imagine all the fluid except that
contained in the tube to be solidified. This will not affect
the equilibrium, inasmuch as the fluid pressure on the sur-
‘face of the tube is at all points perpendicular to the sur-
face whether the fluid be or be not solidified, and tho dd-
ditional pressures on 4 and B are cqual as before.

. Also, one piston (4) remaining fixed, the other (B)
may be placed with its plane in any direction, and it follows
that the pressure upon it is the same for all positions of its
plane, or, in other words, the pressure of the fluid is the
same in every direction. This proposition we shall enun-
ciate in a general mannor in the next article.
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The experimental fact that the pressures on pistons of
different areas aro proportional to those ureas may be de-
duced as follows.

Suppose in a closed vessel two apertures be made in
which pistons are fitted, one being a square 4, and the
other a plane area B, formed by placing together two,
three, or any number of squares equal to A4 ; then the ad-
ditional pressure on cach square being equal to the addi-
tional pressure on 4, the whole additional pressure will be
tgf{h: additional pressurb on 4 as the area of B is to that
of A%,

7. The pressure at any point of a fuid is the same
in every direction.

It is intended by this statement to assert that if at any
point of a fluid a small plane area be placed containing the
point, the pressuro of the fluid upon the plane at that point
will be independent of the position of the plane.

The second figure of Art. (5) will serve to illustrate the
meaning of the proposition. The aperture in which one of
the pistons is fitted may be so constructed as to allow of its
plane being changed; and it will be found that in any
position, the pressure, or additional pressure, upon the
piston is the same. t

8. If a mass of fluid be at rest, any portion may be
supposed to become rigid without affecting its equilibrium
or the pressure of the surrounding jluid.

For any portion of a flnid mass may be contemplated as
a separate body surrounded by fluid, which presses upon its
surface perpendicularly at all points, and its solidification
will introduce no change in the pressures upon it, and there-
fore no change in the pressure at any other point of the
fluid.

This proposition enables us to apply the laws of statics
to cases of the equilibrium of fluids.

9. The two principles of the equal transmission of pressure
and of the equality of pressure in all directions, for the truth of

% If A and B be two pistons of any shape and size, they can be divided
into small areas of the same shape and size, and by making these areas small
enough, it will be seen that their numbers will be ultimately in the ratio
of the areas 4 and B,
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whioh we have appealed to experience, can bs deduced from the
fundamental property of a fluid, stated as an axiom in Art. (2).
The equality of pressure at any point in all directions.
‘We shall prove this for the case of fluide at rest under ﬂm
action of gravity, that is, for heavy fluids at rest.

’ vT"’TY“' ¢ 8

A

Suppose a small rectangular wedge or prism of fluid, having
its sides horizontal and vertical, and its plane ends vertical, to
be solidified, and let 4BC be its section by a vertical plane
bisecting its length. This prism is kept at rest under the action
of gravity and of the pressures of the fluid on its ends and sides.
The ends are supposed to be perpendicular to the sides of the
prism; henoe, the pressures on these ends being perpendicular to
all the other forces must balance each other, and the pressures
on the sides 4C, CB, BA, must balance the weight.

Taking d for the length of the wedge, @, J, ¢ the sides of
the triangle, w for the weight of an unit of volume of the fluid,
and p, p, p"” for the measures of the pressures on the sides 4C,
OB, BA, these pressures are

13—-‘¢d~ pbd, pad, and p"de,
Ll = ®and the weight is §abdw.
H’ nee Molvmg vertically and horizontally,
}abw=p'a - p"c cos B,
pb=p'csin B;
but a=ccos B, and b =c¢sin B;
* p=p", and p’-p"=}{bw.

If now we suppose the sides a, b indefinitely diminished, in
which case p, p’ and p” will be the pressures in different directions
at the point C, we shall have p'=p”, and therefore the three
pressures are equal ®.

By turning the wedge round AC and changing the angle
A and B it will be seen that the proposition is true for all direc-
tions.

* In strictness p'py” are the measures of the mean pressures on the sides

of the wedge, but & reference to Art. 4 on the measure of variable pressure
will shew why 1t is unnecessary {o repeat an explanation already made.



Hydrostatic Bellows. 11
11. The transmiseion of pressure. }v’

Let 4 and B be two points in a fluid at rest, and about the
straight line 4B as axis describe a cylinder having plane ends
perpendicular {o 4 B, and imagine this cylinder solidified.

The equilibrium of the cylinder is maintained by the fluid
pressures on its ends, which are parallel to its axis, by the fluid
pressures on its curved surface, which are perpendicular to its
axis, and by its weight.

Now resolving along A B, the difference of the pressures at
A and B must be equal to the resolved part of the weight in
the direction B4, and the weight
remaining the same, any change of
pressure at 4 involves the same
change at B. Moreover, if fluid be —=
contained in a vessel of any shape,
and the straight line 4B do not lie =3
entirely in the fluid, the two points
may be connected by a serien of straight lines such as ACDB,
and any change of pressure at 4 produces an equal change at (,
and therefore, taking account of the previous article, the same
change is produced at D, and therefore at B,

12. The Hydrostatic Bellows is a machine illustrating
the principle of the transmission of fluid pressure,

B is the top of a cylinder
having its sides made of
leather, and C4 is a pipe
leading into it. If this ves-
sel and the pipe be filled
with water and a pressure
applied at A, a very great
weight upon B maybe raised
by & small pressure at 4, the .
weight lifted being greater in proportion to the size of B.




12 Hydrostatis Parados.

Even without water weights may be raised by simply
blowing into the tube A,

18. The Hydrostatic Paradoz.

Any quantity of fuid, however small, may be made to
support any weight, however large.

This is another mode of enunciating the same principle.
For in the previous figure we may suppose the tube CA
extended vertically, and the pressure produced by pouring
in water to a considerable height, s6 as to produce a pres-
sure at 4 by means of the column of liquid above it. The
tube may be very thin, so that the pressure upon the sec-
tion 4 of the tube may be very small, but, as this pressure
is transmitted to every portion of the surface B, which is
equal to the section 4, the force produced can be as large
as we please. To increase the upward force on B we must
enlarge the surface B, or increase the height of the column
of liquid in the tube, and the only limitation to the increase
of the force will be the want of sufficient strength in the
pipe and cylinder to resist the increased pressure. By
making the height BC very small, and the tube A4 of very
small bore, the quantity of fluid can be made as small as
we please, and hence the paradoxical statement made above.

Hydraulic Presses.

14. The transmission of fluid pressure is the principle
upon which Hydraulic or Hydrostatic Presses are con-
structed.

Thus, if 4, B be two pistons working in hollow cylin-
ders connected by a pipe C, and filled with water, any force
applied to the piston B is transmitted to 4, and f:he force
upon A if’greater than the force on B in the ratio of the’
area of 4 to B.
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This is a Hydraulic Preas in its simplest form. * Prac-
tically it is requisite to have a reservoir from which more
water can be obtained by a pump, and we therefore defer
the description of a complete Hydrostatic Press until the
principle of the Pump has heen explained.

The Safety-Valve.

15. In many machines, and especially in steam engines,
a very great fluid pressure may be produced, and the
strength of the machine may be very severely tried: in
order to guard against accidents arising from the bursting
of the machine a sa/fety-valve is employed, which serves to
indicate the existence of too large a pressure,

Various forms may be used, but the principle of the
safety-valve is simply that
of the uniform transmission /‘4
of pressure in a fluid. F

Thus if BC be one of the
connecting tubes through
which the fluid passes, and
D a small tube opening out of BC, the pressure on a lid at
the end of D will measure the fluid pressure within, and if °
the lid be of a suitable weight, it will be lifted when the
pressure is greater than the machine is intended to bear.
Suppose, for instance, the greatest permissible pressure of
the fluid to be 5001bs. on a square inch, and the sectional
arena of the tube D to be yyth of a square inch, then a
weight of 890 or 31}1bs. will be lifted when the pressure
exceeds 5001bs. The weight employed may be diminished
if the lid be moveable about a hinge at 4, and a weight w
be placed at some little distance from A.

EX. The tube D is circular, its diameter is one-fourth
of an inch, and a weight of 41bs. i3 attached to the lid at
a distance of two inches from the hinge; it is required
to determine the greatest fluid pressure which will not
Uife the lid, )

The resultant fluid pressure will evidently act -at the
centre of the circle, and therefore at a distance of th
of an inch from 4 : hence if » be the greatest pressure




14 Virtual Velocities.

required, the forces P lbs. and 41bs. will balance about
the point A4, and therefore

=4x2,

Gexes

pa4s

orp=
w

Taking x=3, we obtain roughly p=13651bs.

Ex. 2. If the diameter bo } of an inch, and the dis-
tance 4 W 2} inches, find the weight which will indicate
a pressure of 1000 lbs. on the square inch.

Answer. 5}1bs. appronmately
?7"%1 It will bo seen that in Hydrostatic presses, as in
all machines, the principle holds that what is gained in
power is lost tn motion.

Thus, if there be two apertures in a closed vessel, fig.
art. 5, and the piston B be forced down through any given
space, the piston A4 is forced upwards, if the fluid be in-
compressible, through a space which is less as the area of
A is greater.

This is a simple case of the principle of virtual velocities
which we proceed to demonstrate, as apphem incompres-
sible fluids.

«y Let 4, B, C,...be_the areas of a number of pistons
working in eylmdneal pipes fitted into the sides of a closed
vessel which is filled with fluid. Let the pistons be moved
in any manner so that the fluid romains in contact with
them, and @, b, ¢,... be the spaces through which they are
moved, theseq quantlttel being positive or negative, as the
pistons are pushed inwards or forced outwards.

Then, since the volume of fluid is the same as before, it

follows that
Aa+Bb+Cec+...
the positive portions, that is, the volumes forced in, being
balanced by the negative portions, or the volumes forced
out.
BuhfP, Q, R,... be the forces oneachpmton,
) tQ:R:...=4 :B:C:
& Pa+ Qb+ Re+...=0;
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or the sum of the products of each force into the space
through which its point of application is moved is equal to
gero ; and observing that g, b, ¢,... are proportional to the
virtual velocities of the pistons, this is the equation of vir-
tual velociti i

17. It is not to be imagined that there exists any sub-
stance in nature exactly fulfilling the definition which has
been given of a fluid. Just as the ideas of a perfectly
smooth surface and a perfectly rigid body are formed from
observations of bodies of different degrees of rigidity, and
surfaces of different degrees of smoothness, so the idea of
perfect fluidity is suggested. Nevertheless in the cases of
fluids at rest the theoretical properties of fluids derived
from this definition will be found to agree with facts, and
it is in cases of fluid motion that sensible discrepancies will
be found. Thus, a cup of tea set rotating will gradually
come to rest, proving the oxistence of a friction between
the liquid and the tea-cup, and also between the particles
of the liquid, since the dragging force is gradually commu-
nicated from the outer to the inner portions. The motion
of water in inclined tubes also indicates the existence of a
frictional action amongst the particles of water.

18. Recognizing the fact that all' fluids posseas, more or less,
the characteristic of viscosity, we can give a definition which will
include fluids of all degrees of viscosity.

A fluid is an aggregation of particles which yield to the slightest
cffort made to separate them from each other, {f it be continued long
cnough.

It follows from this definition that in a fluid in equilibrium
there can be no tangential action, or shearing stress, and there-
fore that the pressure on any surface in contact with the fluid is
normal to that surface.

Hence all theorems relating to the equilibrium of fluids are
true for fluids of any degree of viscosity.

EXAMINATION UPON" OHAPTER L
+1. DisTiNGDISH between elastic and inelastic fluids, Are
any liquids absolutely inelastic}
v 2. State the property which is agsumed as the basis of all
reasonings upon fluid action.

- - - . - - -



16 . Examination.
¥ 8. Define the measure of fluid pressure,

*4, Ttis found that the preesure is uniform over the whole
of a square yard of a pla.ne area in contact with fluid, and that
the pressure on.the area is 136081bs.; find the measure of the
pressure at any point, lst, when the unit of length is an inch,
2nd, when it is two inches,

* b, The plane of a rectangle, in contact with fluid, is verti-
cal, two of its sides are horizontal, and it is known that at all
points of the same horizontal line the preasure is the same. The
pressure on the rectangle, for all values of %, is wbh (a+ %) where
b ia the width and % the height of the rectangle; find the pres.
sure at any point of the upper side. (Art. 4.)

* 6. A cylindrieal pipe which is filled with water opens into
another pipe the diameter of which is three times its own dia-
meter : if & force of 201bs. be applied to the water in the smaller
pipe, find the force on the open end of the larger pipe, which is
nacessary to keep the water at rest.

" v7. Account for the fact of the transmission of pressure
through a liquid.

Mention any direct practical application of this principle.

v 8. Ina Hydrostatic Bellows (Art. 12), the tube 4 is 1th of
an inch in diameter, and the area B is a circle, the diameter of
which is a yard. Find the weight which can be supported by a
pressure of 1 lb. on the water in 4.

9. A safety-valve consiste of a héavy rectangular lid which
is horizontal when it closes the aperture bencath it, and is
moveable about one side. The aperture being a square which
has one side coincident with the fixed side of the lid, find the
maximum pressure marked by the valve.

10. Prove the principle of virtual velocitiez in the case of
the sixth question.

“11. A triangular area 4 BC is exposed to fluid pressure, and
it is found that if any straight line PQ be drawn parallel to BC,
and at a distance 2 from 4, the pressure on the area APQ is px?;
find the pressure at 4, and also at any point of the line BC.

12._ A strong cylindrical tube, one foot in diameter inside,
and ten feet in length, is filled with distilled water, and closed
with & piston to which a pressure of 10000 lbs. is applied ; shew
that the resulting compreseion of the water will be nearly yyth of
an inch.



CHAPTER IL
Density and Specific Gravily.

19. N the classification of fluids the most prominent:

division is betwoen gases and liquids, or elastic
and non-elastic fluids, as they are sometimes termed, and :
under these two heads all fluids are naturally ranged. It'
has been remarked already that the term non-elastic is in-
accurate, but no confusion will be produced by its use, as
the compressibility of liquids is practically insensible, and
for all ordinary purposes unimportant.

It will be found, however, that the theory of sound is
partly dependent on this compressibility, and it is there-
fore of imnortance at once to recognize its existence.

Ther. are many other characteristics which distinguish
fluids from each other, such as colour, degree of transpa-
rency, chemical qualities, viscosity, &c., but in the theory
of Hydrostatics and Hydrodynamics the only characteristic

_which it is necessary to consider is the density or specific
I gravity of a fluid.

It is not meant that demsity and specific gravity are
synonymous terms, but that these terms have reference to
the substance of a fluid.

Thus, a cubic inch of mercury and & cubic inch of water
have different weights, the former being more than 13 times
the latter, and it is inferred that the quantity of matter
in the mercury is greater than in the water, or that the
density of mercury is greater than that of water.

These remarks apply to both fluid and solid bodies, and
the density and specific gravity of a fluid or solid must be
measured respectively by reference to the density and spe-
cific gravity of some standard substance.

B.E.H. 2
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20. We may remark at this point that in one respect
all fluids agree, whether elastic or not; they are all pon-
derable bodies, that is, they are all acted upon by gravity,
and exhibit different degrees of intrinsic weight. The term
density refers to the material of which bodies are com-
posed, and the idea of a difference of density in two bodies
does not involve the conception of weight, while the term
specific gravily refers to the varying effect of the action of
gravity on different bodies, ‘

«21. DEriNTTION. The measure of the density of abody
8 the number expressing the ratio whwh the mass of any
volume of the body bears to thc macl  an aquﬂl volume
of the standard substance. -

For any given fluid let p be t.lns mﬁnber, and let unity
represent the standard substance ; p is then the density of
the fluid measured in terms of the density of the standard
substance.

It is clear that if a body be compressed into half its
original volume, its density will be doubled, while its mass
or the quantity of matter contained in it remains the same;
and similarly, if it be compressed in any other proportion,
its density will be increased in the same proportion. This

.is expressed by saying that
Mxp?,
M representing the mass and ¥ the velume, |

Again, it is known that the weight of a body depends
upon its position on the earth’s surface, but that in all
cases if g be the local acceleration due to the action of
gravity, the weight of a given body, that is, a body of given
mass, varies a8 g,

’ or W g,
and it is obvious that at all places
W« M,
Therefore generally W < Mg,
or W gpV;
and we may suppose the units involved in these several
symbols 80 chosen that the relations may be
M=pV, W=Mg, an_d.. =gpVX



Density. 19

22, It must be observed that this formuls defines one wunit,
if the rest be given.

Thus, if the units of space and time be a foot and a second,
it is known that g=382.2, and making p=1, and V=1, ie. a
cubio foot, we obtain the weight of an unit of volume of the
standard substance

=(82.2) unit of weight;

and therefore the unit of weight is —— (the weight of & cubic

32.2
foot of the standard substance).

Now, if distilled water at a temperature 60° F. be the stand-
ard substance, the weight of & cubic foot is about 1000 oz.;
and therefore the formula W=gpV implies that the unit of
weight is 1000 oz ;

82.2 ’
and therefore that W=1000pV oz

Ex. Taking distilled water as the standard substance, find
the weight of 12 cubic feet of a substance of which the density
@ 3.5,

The weight =g x 3.5 x 12 x 2200

0z, =42000 oz
g

This example is more directly solved by observing, that the
weight must be 3.5 times that of 12 cpbic feet of water, _

23. In the previous articles we have considered homo-
geneous bodies only; if the demsity be variable, or the
bodies be heterogeneous, the density a¢ any poiut of a body
is that of a homogeneous mass which has the same density
as the body about the proposed point.

If the density vary continuously from point to point
we may dotermine it a¢ a point by taking a small mass of
the fluid containing the point, and comparing its weight
with that of an equal volumeo of the standard substance, it
being conceived that in a very small continuous mass the
density will not vary sensibly throughout.

24. In order to render more clear the mathematical
conception of a continuously varying substance, imagine a
number of homogereous strata of equal thickness ¢ placed
on each other, and suppose the density of the lowest stra-
tum to be p and of the highest p’, and of the intermediate
strata let the densities increase by successive additions
from p’ to p.

2—2
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If now we suppose the thickness of each stratum ¢ to
become indefinitely small, and the number of intermediate
strata to become indefinitely large, while the densities of
the extreme strata p, p’ remain the same, the densities of
the intermediate strata which are to increase from p’ to p
will differ from each other by infinitely small quantities,
and we can thus form an idea of a continuously varying
medium. *

This mode of viewing continuity by means of disconti-
;lgty is necessary for the purposes of mathematical calcu-

on.

The atmosphere in a state of rest is a case in point, as
its density decreases continually as the height increases.

25. The density of a mixture may be determined by
the previous formula M=pV.

Thus, if volumes V, V", V”,...of fluids whose densities
are p, p’, p”...be mixed together, and if the mixture form
a homogeneous mass, and no change of volume occur from
chemical action, the whole mass

=pV+p'V'+p"V'+...=2(pV),
and the whole volume = V'+ V'+ V" +...=3(V);

- the density of the mixture = 2—;—’1;) i

26. DEFINITION. The moasure of the specific gravity
“of a body is the number expressing the ratio which the
weight of any volume of the body bears to the mg‘ght oj;
.an equal volume of the standard substance. WV \'v s .

This definition, it will be soen, makes theYmeasure of
specific gravity the same as that of its density, provided
the standard substance be the same in both cases. The
standard substance, however, is not necessarily tho same.
~ If & be the specific gravity of a body or fluid, and /7 the
weight of a volume ¥ of the body or fluid, we have the

relation
ey W=C’r,'

which means that if the unit of weight be the weight of an
it of volume of the standard substance, the weight is sV
times that unit of weight.

7
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Thus, if distilled water be the standard, and one foot bé
the unit of length, the weight of a volume ¥ of a fluid, of
which the specific gravity is &, =2¥ times the weight of a
cubic foot of water,

=1000s ¥ oz., or }g—g—otr 18

27. To find the specific gravity of a mizgure of given
volumes of any number of fluids, whdse specific gravities
are given.

Let 7, ¥, 7”,...be the volumes of fluids of which the
specific gravities are s, #, ...

Then the weight of the mixture is

eV +8V'+8' V" +...0or 3(eV),
and the volume is V'+ V' + V" +...or S(V),
and therefore if o be the specific gravity of the mixture,
o2(V)= 2((3 I;)),
(s
oro=gpy:

If by any chemical action among the fluids the volume

becomes U instead of 2(¥), the specific gravity will be
3(sV)
70

28, 7o find the specific gravity of @ mizture when the
weights and specific gravities of the components are given.

Let W, W*, W”,... be the weights, and s, §,... the
specific gravities of the respective fluids.

Their volumes are respectivelyl;-V , —%"77-' gooe

w W, (W
and the whole volume = +T+..._z( p ),
while the whole weight= W+ W +...=3(W).
Hence if o be the specific gravity of the mixture,
o3(Z)=zm.
20. 7o find the unit of specific gravity, or to determine the

specific gravity of the standard substance when the units of length
and weight are given.
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From the equation W=2V, which gives w=1 qhn =l
and V=1, it appears that the standard substance is oue of which
thewhtofanumtofvolumehthenmtd weight.”

Thus if 11b. and 1 foot be the units, the standard is that
substance of which a cubio foot weighs one pound.

Now a cubio foot of water weighs 1000 oz. ; therefore y}3y of
a cubic foot of water weighs 11b.

The standard substance therefore is such that a cubic foot of
it weighs the same as y}§; of a cubic foot of water.

Hence the density of the standard is to the density of water
as 16 : 1000.

80. Comparison of the equations W=sV, W=gpV.

It appears from the definitions that, if the standard sub-
stances be the same, the measures of the density and specifio
gravity of any given fluid are the same, that is, the numbers
s and p will be identical. The standards however not being
:::nmilythe same, 8 and p will be in general different num-

From the equations W=38V, W=gpV, we infer that if the
standard substances are the same and the units of length the
same, the units of weight are different. In fact, the unit of
weight in the first equation would be g times that in the second.

‘We also infer that if the unity of weight and length are the
same, the standard substances are different. Thus if ¢ and.p
refer to a substance of which a volume ¥V weighs W, then s=gp,
and therefore the density of the standard to which s refers is less
than that to which p refers in the ratio of g: 1.

In the equation W=gpV, the unit of time enters, the value
of g depending upon it ; and, by a change in the unit of time,
one or more of the other units, those namely of length, weight,
and density, is necessarily changed.

31. The practical methods of determining the specific
gravities of solids, liquids, and gases will be discussed.in a
future chapter,

For solids and liquids tables of specific gravity are
usually given with reference to distilled water at 60° F. as
the standard.

Gases and vapours are, however, generally referred to
atmospheric air at the same temperature and under the
same pressure as the gases themselves.
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EXAMINATION UPON CHAPTER IT.

{1. ExPLAIN how density is measured.

‘What convention with regard to units is implied in the equa-
tion W=gp V't

¥2. Find the weight of a cubio foot of mercury, the specific
gravity of which is 13.568. ’

¥8. If a cubic inch of a standard substance weigh .45 of a.-
1b., what is the weight of a cubic yard of a subatance of which the
density is 51

V4, A mixture is formed of two fluids ; the specific gravity
of the mixture, the ratio, m : 1, of the volumes, and the ratio,
n : 1, of the specific gravities are given; find the specific gravi-
ties of the fluids.

v 5. Equal weights of two fluids, of which the densities. are
p and 2p, are mixed together, and one-third of the whole volume
is lost ; find the density of the resulting fluid.

v6. Taking water as the standard, find the weight of a cubic
yard of a substance of which the specific gravity is .12.,

7 7. A cubic inch of a substance weighs }$3jths of a Ib.;
find its specific gravity referred to water.

8. vA mixture is formed of equal volumes of three fluids;
the densities of two are given and the density of the mixture is
given; find the density of the third fluid. .

¥8, Volumes ¥, V’ of two fluids, the specific gravities of
which are ¢, ¢, are mixed together, and the specific gravity of
the mixture is 8 ; find the change in volume.

¥10. Two fluids of equal volume, and of specific gravities
8, 28, lose }th of their whole volume when mixed together; find
the specific gravity of the mixture.

EXAMPLES.

v1, A mixture is formed of equal volumes of n fluids, the
densities of which are in the ratio of the numbers 1, 2, 8,...n;
find the density of the mixture. Also find the density of the
mixture when the volumes are:—Ilst, in the ratio of the num-
bers 1, 2, 3,...n, and 2nd, of the numbers n, n~1,...3, 2, 1.

v2. Having given the specific gravity ¢ of a mixture formed
of equal volumes of two fluids, and also the specific gravity ¢’ of
a mixture formed by taking & quantity of one fluid double that of
the ofher; find the specifio gravities of the fluids,
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v8. If 25 oz be the unit of weight, and a yard and a second
the units of length and time, what is the density of the standard
substance compared with that of wggr in the equation W=gp V1

V4, If 8owt. be the unit of welght, and 4 feet the wmit of
length, find the density of the standard compared with that of
water, the unit of time being one second.

5. If the units of weight, length, and time be 11b., one
foot, and one second, compare the standards in the formule
W=sV, W=gp7.

v 6. If the units of weight and length be the same, the latter
being one foot, find the unit of time in order that the standard
may be the same in both formulse..

V7. If the units of weight, length, and time be 11b., one yard,
and half & second, compare the standards in the equations
W=gpV, W=aV.

~8. If the standards be the same, and also the units of weight,
find the unit of length in W=gp¥, the unit “of time being 2v2
leoondl, and the unit of length in W=sV being one foot.

9. Ifthe umtlnfbngthmdtxmobe 8 yards and 4 seconds,
aud if the units of weight be also the same in both equations,
compare the densities of the standard substances.

10. ‘When a vessel is filled by means of equal volumes of two
fluids, the specific gravity of the compound is 4 of what it would
bave been if the vessel had been filled by means of equal weights
of the fluids. Compare the specific gravities of the two fluids.

Nore, In the above examples ansume that g=32 when a |
foot and a second are unite.



CHAPTER IIL

Pressure at different points of a liquid al rest, Surfuce
of a liguid, Liquids maintatning their level, Liquids
in a bent tube, Pressures on Plane Surfaces, Whole
Pressure, Centre of Pressure.

32. 'E pressure of a liqguid at rest iz the same at
all points of the same horizontal plane.

Take a thin cylindrical portion 4B of the liquid, hav-
ing its axis horizontal, and its ends 4, B vertical, and

imagine this portion to become solid. We have then a
solid body 4.3 kept at rest by the fluid pressures on its
curved surface, all of which are perpendicular to the axis
of the cylinder, by the pressures on the two onds, which
are horizontal, and by the weight of the solid.

If p and p’ be the measures of the pressures at 4 and
B, and a the area of each end, which is taken to be very
small in order that the pressure may be sensibly uniform
over the whole of either end, the pressures on the ends
w pa and p'a, and since these balance each other, we

ve

pr=r.
This proof also holds good for the case of elastic fluids,
or of heterogeneous incompressible fluids,
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33. 70 find the pressure ol any given depth in a
heavy homogensous liguid at rest.

Taking any point P in the fluid, draw P4 vertically to
the surface, and describing a thin cy-
linder about P4 with its base hori- e
gontal, imagine it to become solid.

Then the solid body P4 is kept at
rest by the fluid pressure on the end
P, the weight of the solid, and the
fluid pressurcs on the curved surface,
which are all horizontal. Ea

Hence the fluid pressure on P must bhe equal to the
weight, and thorefore, if a be the area of the base, w the
weight of an unit of volume, and p the pressure at 2,

pa=wa AP,

N -

orp=w.AP;

that is, the pressure at any depth varies as the depth below
the surface.
Similarly, if 2 and @ be any two points in the same
vortical line, by solidifying a cylinder A
PQ, it will be seen that the difference === —
of the pressures on the ends P and @ == _
of the cylinder must be equal to the == =
weight of the cylinder. ="
Ilence if p, ' be the pressures at
P and @,
Y'a—pa=wa.PQ,
orpy —p=w.PQ;
that is, the difference of the pressures Q
at any two poinis varics as the vertical distance between
the poins.

1f p be the density of the liquid, the weight of 4P is
gpAP, and therefore, if APmz,
p=ges.
84. The form, gpz, of the expression for p is the one which
we shall generally employ, and & few remarks upon it will be
useful.

The symbol p represents the pressure on an unit of area, and
therefore its numerical value depends on the unit of length which
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is adopted. Further, the numerical valye of g depends ou the
unit of time as well as the unit of length, and the value of p
depends on the standard to which the liquid is referred. Hence
the numerical value of p depends on all these elements.

Thus, if water be the standard, and a foot and a second be
unite of space and time, we obtain, at a depth of one foot in
water, putting p=1 and z=1, p=32. Now we know that at
this depth tH® pressure is really 1000 oz. per square foot, and

1000

therefore p being 32, the unit of weight must be 55 %

Hence with these units the actual pressure at a depth 2 is
1000pz oz.

Again, if 11b. be the unit of weight, one second the unit of
time, and water the standard, we shall obtain

pl000_ 32
16 I
z feet being the unif of length, and
. g 3216

1666-' of a foot.

In all these cases it will be seen that we must have given

some fact relating to the weight or density of the standard sub-
stance.

35. Let the cylinder of which AP 15 the axis be bounded at
P by a plane not horizontal, and lct a’ be its
arca and 0 its inclination to the horizon. A

Then for the equilibrium of the cylinder, — |
taking p’ as the pressure at P upon @/, we
have by resolving vertically,

p’ a’ cos 0=wad P,
but a=a’cor b ;
.*. p’=w.AP, which is independent of 6.

‘We thus have another proof of the propo-
sition that the pressure at any point 18 the
same in all directions. Nitw 0

It may be perhaps objected to the proof of Art. 83 that the
surface at 4 is assumed to be horizontal. By making the cy-
linder AP a very thin cylinder, that is, of very emall radius, it
will be seen that its weight is sensibly gpad P, and therefore that
the proof does not depend on any assumption as to the form of
the surface,
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Or, to reason more strictly, draw two horizontal planes
through the highest and lowest points B, 4 B
of the small portion 4B of the surface inter- y
cepted by the cylinder.

Then, if the radius of the cylinder be in-
definitely diminished, these two planes will
coalesce.

If z and # be the heights above P of these
planes, the weight of the cylinder lies be-
tween

gpoz and gpaz'

and therefore p lies between gpz and gpe’,
and ultimately when the planes coalesce,

pr=gpz

36. Difference of pressures at any two levels in an
elastic fluid.

We have already mentioned in Art. 20, that gases are
heavy bodies ; hence, by the same reasoning as in Art. (33),
if P and @ be two units of area in an elastic fluid, P
being vertically above @, the differoence of the pressures
at P and @ is equal to the weight of the column of air
PQ. This column is not of uniform density, and hence the
law of variation of the pressure at different levels in an
elastic fluid does not present itsclf in a simple form. Fur-
ther information will be found in Chapter V; at this point
we need only call attention to the fact that the pressure
decreases as wo ascend in an elastic fluid.

37. The surface of a liguid ot rest is a horizontal
plane,

Take two points P, @, in the same horizontal plane,
within the liquid, and draw P4, A B
@B vertically to the surface.

Then pressure at P=w. AP,

pressure at @=w .DBQ,

and these are equal; therefore
AP and BQ are equal, and
4, B are in the same horizontal E Q
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plané, Similarly any other point in the surface can bo
proved to be in-the same horizontal plane with 4 or B,

Or we might have argued that, since the pressures are
equal at all points of the same horizontal plane, con-
versely, all points at which the pressures are equal are in
the same horizontal plane, and therefore all points in the
surface, at which the pressure is either zero, or equal to
the atmospheric pressure, must be in the same horizontal

plane.

. 88. The pressure of the atmosphere is found to be
about 14.73 lbs. to a square inch, or very nearly 15 Ibs.
‘We can hence calculate the pressure upon any given area,
and, if IT be the atmospheric pressure on the unit of
the pressure at a depth z of a fluid, the surface of which,
is exposed to atmospheric pressure, will be

gpz+1IL

39. Jllustration. Take a hollow glass cylinder open
at both ends; in contact with the lower end, and closing
that end, pla.oe a heavy flat dlBO supported by a string
passing up the cylinder.

Holding the string, depress tho cylinder in a vessel of
water, and it will be found that, at a cer-
tain depth, tho string may be loosened,
and the disc will remain in contact with
the cylinder, being supported by the
pressure of the water beneath.

If w0 be the weight of the disc and »
the radius of the cylmder, the requisite
dopth (z) of the disc is given by the cqua-
tion

: i w=gprnr’,

The presence or absence of the atmosphere will not
affoct this depth, since the pressure of the atmosphere
downwards on the disc would be counteracted by the
pressure upwards, transmittcd from the surface of the
water.

40. If in Art. (32) the line 4B do not lie entirely
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within the fluid, we can still
prove the truth of the pro-
position by the aid of Art.
(33). —
For 4 andB can be con-
nected by horizontal and ver-
tical lines as 4C, CD, DB,
m e —_— —

r

i
L
I
I

A

1y le

i

pressure at B=pressure at D—w.BD
=pressure at C —w.A4C
=pressurc at 4.

41. Hence it appears that all points on the surface of
a liquid, at which the pressure is either zero or is equal to
the constant atmospheric pressure, must be in the same
horizontal plane, and that this is true even though the
continuity of the surface be interrupted by the immersion
of solid bodies, or in any otfier way. -

This sometimes appears under the form of the assertion
that liquids maintain their lercl, and an experimental
illustration may be employed as in the figure.

A number of glass vessels of different forms, all open
into a closed tube or vessel 45, and it is found that if
water be poured into any one of the tubes, it will, a.tjter
filling the tube 4B, rise to exactly tho same vertical
height in every one of the tubes, and if any port.lon.be
withdrawn from any of the vesscls, that the water will sink
to its new position of rest through the same vertical height

in each.
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An important practical illustration of this principle is
geen in the construction by which towns are supplied with
water. A reservoir is placed on a height, and pipes lead-
ing from it carry the water to the tops of houses or to any
point which is not higher than the surface of the water in
the reservoir, and these pipes may be carried under ground
or over a road, provided that no portion of a pipe is above
the original level.

V42, The common surface of two liguids that do not
miz t8 a horizontal plane.

Take two points P, @ in the lower fluid, both in the
same horizontal plane, and let ver- A
tical lines P4, @B to the surface _[—__ﬁ'_-
of the upper flnid meet the com-
mon surface of the fluidsin € and
.D i

' Then if @' be the Weight of an —_C
unit of volume of the lower fluid, ,

and w of the upper, op W
pressure at P =u'.CP + pres- .
sure at C ‘r <
=w.CP+w.CA4,

and at @=w'.QD+w.DB;
o w.0P+w.CA=w .QD+w .DB,
Also 4B is horizontal, and therefore
CP+CA=QD+DB;
~. multiplying by w and subtracting, g
(' —w) CP=(w —w) @D,
or CP=@D, and therefore CD is horizontal.
43. If two liguids that do not miz togoﬂwr' maet tn
a bent tube, the heights of their upper surfaces above their
common surface will be inversely proportional to their
densities.
Let 4 and B be the two surfaces, C' the common gur-
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face, maid p, p’ the densities of BC
nd GA.

Let horizontal planes through L‘
A, B, and O meet a vertical line

in a, b, and ¢, and take (’ in the
denser fluid in the same hori-
gontal plane as C. A

The pressure at C=gp.bc, and
at 0’ =gp'ac, and these are equal,
by Art. 32;

- pbe=p'ac,
orbe: aa=1 : 1,
PP

44, Two fluids that do not miz are contained in the
same vessel; it is required lo find the pressure ai a given
depth in the lower fluid. . R

Let P be the point in tho lower fluid, PB4 a vertical
line meeting the common surface
in B. Describe a small cylinder
about 4 P, and suppose it solidi-
fied.

Then, if p be the pressure at
P and « the sectional area of
the cylinder, =
pa=weight of ABP=gpABa+gp' BPa,

p and p’ being the densities,
or p=gpAB+gp BP.!

This might bave been at once inferred from the equa-
tion

Pp=gp BP 4 pressure at B,

for the pressure at B=gp A B.

And in the same manner the pressure at any point of
a mass of fluid containing any number of strata of different
densities can be determined.

If the surface 4 be subject to the atmospheric pres-
sure II,

the pressure at P=gp’BP+gpAB+1.,
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45. 'We now proceed to consider two simple cases of
the pressure of a fluid on plane surfaces.

Pn:or. The pressurs of a liguid on any horizontal
aro?uequalto.ﬂu weight of a column of the liguid of
which the area is the base and of which the height is equal
to the depth of the area below the surface.

For, if 2 be the depth, the pressure at every point is
w2z or gpz;

-* if x be the area, the pressure upon it=ew2«,
and z« is the volume of the column described.

It will be seen that this is independent of the form of
the vessel containing the fluid.

This result may also be obtained in the following
manner,

Draw through the boundary of K vertical lines to the
surface, and suppose the portion of fluid enclosed to be-

come solid. The pressure of the surrounding fluid is en-
tirely horizontal, and therefore the pressure on the base
must be equal to the weight of the solid.

If the vessel be of the form indicated in the dotted
line so that the actual surface does not extend over the
area K, wo may suppose the fluid extended over K by
enlarging the vessel, and the pressure at any point of X
will not be changed. Hence the above reasoning is appli-
cable to this case also.

Thus if a hollow cone, vertex upwards, be filled with
water, and if » be the radius of the base and A the height
of the cone, the pressure on the base=tonriy, or gpomrih,
that is, the weight of the cylinder of fluid on the same
base as the cone, and of the same height,

B.E H. 3
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' 46, A plane area in the form of a yvectangle is just
smmersed in liquid with one edge in the surface, and iis
plane indined at an angle 6 to the vertical; st is required
to find the pressure upon it.

the side b of the rectangle
the section of the rectanglo.

Draw a vertical plane BC through tho lower side B,
and suppose tho fluid in ABC to become solid; then its
weight is supported by the plane 4B, since the pressure
on BC is horizontal.

imflence if B be the pressure on 4B, perpendicular to its
Pplane,
R sin = weight of ABC=1w.AC.BC.b
=}wba’sin 6 cos 6;
. R=3uba*cos §=ula.la cos 6,]
that is, the pressure is the weight of n column of fluid of

which the rectangle is the base, and the height is equal to
the depth of the middle point of 4.2 below the surface.

Sinco the direction of 22 makes an angle 4 with the
horizon, it follows that the horizontal component of R is
$ioba? cos? 4.
Now tho solid 4BC is kept at rest by the horizontal
pressure on BC, by its weight, and by the reaction Z.
Hence the pressure on BC- R cos 8= }wba*cos*d
=w.bacosd.jacosd -
=wA4area BC) (depth of middle point of BO),
the same law as for 4B,
This also appears from the value of R by putting §=0.
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The resdlts thiis obtained are generafized in the fol-
lowing‘al"ticl,e in'which & different method is adopted.
- . Whole Pressure.
47. DEr. The whole pressure of a fluid on any sur-
uce 18 the sum of all the normal pressures exerted by the
id on every portion of the surface.
In the case of a plane, the pressure at every point is in
the same direction and the w i

the whole pressure is.the same as

W In the ease of curved surfaces, the

whole pressuro is merely the arithmeticAl sum. of sl the

~ 48, Pror. The whole pressure of a liguid on a sur-

face is equal to the weight of a column of liguid of which

the base v8 equal to the area of the surface, and the height

i equal to the depth of its centre of gravity below the
surface of the liquid,.

Let the surfaco be divided into a great number of very
small areas a,, ay, a;,..-and let 2;, 2,, ;... be the depths
below the sutface of the centres of gravity of these areas.
By making the areas very small, each may be considered
plane, and the pressures upon them W}ll be respectively

W ayz;, Wasyy...
taking the pressuro over each area to be uniform.

Hence the whole pressure=®ws (a2).

But, if z be the depth of the centre of gravity of the
surface,

. S(a2),.
z=Tg @ ’
.. whole pressure=1zZ (a)
=wzS, if S be the area of the surface,
and zS is the volume of the column described.

If p be the density of the liquid, the expression for the
whole pressure is gpzS. /

Ex 1. A rectangle is immersed with two sides hori-
zontal, the upper oue at a given depth (c), and its plane
inclined at a given angle (d) to the vertical.

+ Let a be the horizontal side, b the other side.
* Soo Goodwin's Statics, or Parkinson's Mechanics, Art. TL
" 3—2

-
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The depth of the centre of gravity=}(2¢+b cos 6), and
the whole pressure=4w (2¢+ b cos 8) ab.

Ex. 2. A vertical cylinder, radius s and height 4, is
filled with fluid. '

The surface=2xrh and the whole pressure =wmrA?®,

Ex. 3. A hollow cone, vertex downwards, is filled with
water.

Let 7 be the radius, and % the height of the cone,

By cutting the cone down a generating line and unroll-
ing it into a plane, its surface forms the sector of a circle,
of which the slant side is the radius and the perimeter of.
the base is the arc.

But the area of a sector =% (arc) (radius);

- the surface=nr/7 + 2.

Again, the surface of a cone is the ultimate form of the
surface of a pyramid formed by triangles, having the vertex
of the cone as their common vertex, and having for their
bases the sides of a polygon inacribed in the circle, and
since the centre of gravity of each triangle is at a depth
1% below the surface of the fluid, it follows that 34 is the
depth of the centre of gravity of the surface.

Hence the whole pressure=3}wrrha/r2+ A%

Ex. 4. The cylinder in. Ex. 2, closed at both ends, is
just filled with liquid, and its axis is inclined at an angle
6 to the vertical. %, .1,3

The surface of the fluid is a horizontal plane through
the highest point of the cylinder, and the depth of G

=gcos0+nin0.
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Hence the whole pressure on the curved surface is
wonrh (h cos 6+ 27 gin ),
and the whole pressure including the plane ends is
Sq.'g © (wrh+mr?) (hcos +2reind). |5,

Ex. 5. A cubical vessel is filled with two liquids of
given densities, the volume of each being the same, it is
required to find the pressure on the base and on any side
of the vessel.

Let a be a side of the vessel, p, g’ the densities of the
upper and lower liquids, ' D B
being taken greater than p. )

The pressure on the base 4
=the weight of the whole fluid P

@ a

=dp % +gp3-

The pressure on the por- V'Y
tion BC

aa 1
=gpg 3= good" 4

To find the pressure on AC, replace the liquid DC by
an equal weight of the lower liquid. This change will not
affect the pressure at any point of CA4.

If BD be its surface,

p'OB =pCB=p g,

and the depth of the centre of gravity of AC below B’ .

=B0+%2=2 2p\.

—Ba+z—4(1+P,),

\ —-_— 'g?g -2—p

..thepressureonAG-gpz.4(l+P,)
. +2

W | Contre of Pressure.

- Dxr. %@" Gedi aq;"'apbzm‘al‘w‘#
tha‘;o}ui :;,"aaz%: ;mtkc m%n?ﬁ@d pressure upon,

Jhe plane area. -
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As a simple case, suppose a rectangle immersed in a
liquid with one side in the surface. R

Divide the area into a number e
of very small equal parts by equi-
distant horizontal lines.

The pressure on each part will
act at its mj int ard will be
proportional to the depth below the 1B
surface, and we have to find the E

tre of & system of el forces actm% perpendicularly
to_the plane at equidistant points of the line £F and _pro-
portional to the distance ﬁ oA

This is evidently the same as finding the centre of
gravity of a triangle of which E is the vertex and F the
middle point of the base. The centre of pressure therefore
divides £F in the ratio 2.; 1, .

It will be seen that this result is independent of the
inclination of the plane of the rectangle to the vertical.

If a triangular area be immersed with its vertex in the®
surface and its base horizontal, and be divided by equidis- |
tant horizonggl lines, the pressure on éach strip will act at !
its middle point and be proportional to the square of the
distance of that point.from the vertex Z.

Hence if # be the middle point of the base, the centre
of pressure will be the same as the centre of gravity of a

solid cone, vertex % and axis EF, and therefore divides
KBF in the ratio 3 : 1.

If a triangular area be immersed
with its base in the surface, the
pressare en..a-strip will be. propor-
tional to the product EN.NF, and
conseyfwently proportional to the
square of the ordimate NP of a
segqi-circle}demibeﬂ upon, @F a8
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The centre of pressure will therefore be the middle
point of EF.

We may also give the following general method, appli-
cable to the case of 2 plane area immersed in any posl?tli'gn.

Through the boundary line of the plane area draw ver-
tical lines to the surface and consider the equilibrium.of the
liquid so enclosed ; the reaction of the plane resolved ver-
tically, is equal to the weight of the liquid, which acts in
the vertical line through its centre of gravity; and the
point in which this line meets the plane is the centre of
pressure,

50. The student will now be able to appreciate more
clearly the nature of fluid pressures, and to see that the
action of a fluid does not depend upon its quantity, but
upon the position and arrangement of its continuous por-
tions, It must be carefully borne in mind that the surface
of an inelastic fluid or liquid is always the horizontal plane
drawn through the highest point or points of the fluid, and
that the pressure depends only on the depth below that
horizontal plane. .

Thus in the construction of dock-gates, or canal-locks,
it is not the expanse of sea outside which will affect the

pressure, hut the height of the surface; and, in considering
the strength required I the construction, the greatest
height of the surface due to tidés must also be taken into
acoount. Any violent action due to rapid tides or storms
i of course a subject for separate consideration. -
The same principle shews that in the construction of

:likes, or the maintenance of river-banks, the strength
.must be proportional to the depth l;elow the surface.
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EXAMINATION UPON CHAPTER III.
4. Towhatex‘bentuthoprmnonthebmofsn-d
affected by pouring in more liquid?

V2. TFind the pressure at a depth of 100 feet in a lake, lst,
neglecting, 2nd, taking acoount of the atmospheric pressure.

¢« 8. Explain the statement that liquids maintain their level.

+4. A reservoir of water is 200 feet above the level of the
ground-floor of a house; find the pressure of the water in a
pipe at a height of 30 feet above the ground-floor.

v 6. Three liquids that do not mix are contained in a vessel ;
prove that their common surfaces are horizontal, and find the
pressure at any depth in the lowest liquid.

‘6. An equilateral triangular area is immersed in water with
a side 1 ft. in length in the surface ; find the pressure upon it
in 1bs.

*7. Distinguish between_ whole pressure and resultant pres-
sure.

v8. Ahollow cone, vertex upwards, is just filled with liquid;
find the whole pressure on its curved surface.

¥ 9, Prove that the depth of the centre of pressure of a plane
area is greater than the depth of the centre of gravity of the
area,

v10. Find the centre of pressure of a rectangular area im-
mersed, with plane vertical and two sides horizontal.

¥11. A rectangle has one side 1 the surface of a liquid;
divide it by a horizontal line into two parts on which the pres-
sures are equal.

12. ¥ Divide the same rectangle by horizontal lines into n
parts on whlch the pressures are equa.l.

‘ - [
su;;i'e divide it by’h“inonm e t e parg on whi*l:
brdfwesaro ageat,

Sthe
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hble, md a.re partially fijled thh water., In contact wikh and
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above the water in one cylinder is a closely-fitting piston of
given weight; find its position of equilibrium.

v2. The upper surface of a vessel filled with water is a
square whose side is 2 feet 6 inches, and a pipe communicating
with the interior is filled with water to a height of 8 feet; find
the weight (in 1bs.) which must be placed on the lid of the
vessel to prevent the water from escaping, the weight of a cubic
foot of water being 1000 oz.

v8. A parallelogram is immersed in a liquid with one side in
the surface ; shew how to draw & line from one extremity of
this side dividing the parallelogram into two parts on which the
Ppressures are equal.

¥4, A fine tube 4B( is bent so that the portions 4B, BC
are straight and perpendicular to each other; the tube is placed
8o that each branch is equally inclined to the vertical, and equal
quantities of two liquids, the densities of which are in the ratio
of 2 : 1, are poured into the respective branches; find the height
above B of their common surface.

V6. A smooth vertical cylinder one foot in height and one
foot in diameter is filled with water, and closed by a heavy
piston weighing 41bs; find the whole pressure on its curved
surface.

V6. If a ball, weighing 1 1b, in water, be suspended in the
water by a string fasiened to the piston, and if the specific
gravity of the metal be to that of water as 7 to 2, find the
pressure at any depth and the whole pressure on the curved
surface.

» 7. A cylindrical vessel standing on a table conlains water,
and a piece of lead of given size supported by a string is dipped
into the water; how will the pressure on the base be affected,
(1) when the vessel is full, (2) when it is not full? and in the
second case, what is the amount of the change ?

8. A hollow cylinder closed at both ends is just filled with
water.and held with its axis horizontal : if the whole pressure
on its surface, including the plane ends, be three times the
weight of the fluid, compare the height and diameter of the
cylinder. ’

9. A triangle 4 BC is immersed vertically in a liquid with
the angle O in the surface and the sides 4C, BC equally in-
clined to the surface; shew that the vertical through C divides
the triangle into two others, the fluid pressures upon which are
a8 03+ 8ab? : a3+ 3a%.
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v10, A triangle is immersed in a fluid with one of its sides
in the surface ; find the position of a point within the triangle,
such that, if it be joined to the angular points, the triahgle shall
be divided into three others, the fluid pressures upon which are
equal.

y 11 The side AB of a triangle 4 BC is in the surface of »
fluid, and & point D is taken in 40, such that the
on the triangles BA.D, BDC, are equal; find the ratio 4D : DC.

*12. The lighter of two fluids, whose specific gravities are
a8 2: 3, rests on the heavier, to a depth of four inches. A
square is immersed in a vertical position with one side in the
upper surface ; determine the side of the square in order that the
pressures on the portions in the two fluids may be equal.

¥13. A vertical cylinder contains equal portions of three
inelastic fluids, the densities of which are p, 2p, and 3p, respec-
tively, the lighter fluid being uppermost, and the heavier fluid
lowest ; compare the whole pressures on the portions of the
curved surface of the cylinder in contact with the several fluids.

. 14. A fine tube, which is bent into the form of a circle,
contains given quantities of two different liquids; if the two
together occupy half the tube, determine the position of equili-
brium.

» 15. The inclinations of the axis of a submerged solid cy-
linder to the vertical in two different positions are complemen-
tary to each other; P is the difference between the pressures on
the two ends in the one, and P’ in the other position: prove
that the weight of the displaced fluid is equal to

(P24 PRt,
» v16. A vertical cylinder contains a quantity of fluid, whose
depth equals & diameter of the circular base. A sphere of four
times the specific gravity of the fluid and of the same radius as
the cylinder is placed upon the fluid and is supported by it: find
the increase of pressure sustained by the curved surface of the
cylinder, the sphere fitting it exactly.

N17. Three fluids whose densities are in arithmetic progres-
sion, fill & semicircular tubs whose bounding diameter is hori-
zontal. Prove that the depth of one of the common surfaces
is double that of the other.

¥8. A small cylindrical tube is bent into a semicircle, and
placed with the diameter horizontal; within the tube is placed
a small stop which can slide freely up and down: two fluids of
densities p and p’ are poured into the respective ends of the tube ;
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if when the stop is vertical the surface of the lower fluid is

\% below the horizontal diameter, find the distance of the
higher. .

+19, Prove that, as a plane area is lowered vertically in a
liquid, the centre of pressure approaches to, and ultimately coin-
cides with, the centre of gravity.

¥ 20. A lamina in the shape of a quadrilateral ABCD has the
side CD in the surface, and the sides 4.D, BO vertical and of
lengths a, B, respectively. Prove that the depth of the centre of

pressure is .
1 '.'_’i“?Ei'_ﬂﬁLtE’)
2°\ d+aftp /)’

¥ 21. A vessel contains two liquids whose densities are in the
ratio of 1 to 14. A triangle is immersed vertically in the liquids
80 that its base is in the surface of the upper liquid. If the
pressures on the portions in the two liquids be equal, prove that
the areas of those portions are as 8 to 1.

» 22. The depth of the water on one side of a rectangular
vertical floodgate is double that on the other. Supposing the
gate to be fustened at the angular points, find the pressures at
these points.

"23. A vertical cylinder contains equal quantities of two
liquids; compare their densities when the whele pressures of
the two liquids on the curved surface of the cylinder are in the
ratio 1 : 3.

~ 24, If one second be the unit of time, what must be the
unit of length in order that the formula p=gpz may give the
pressure in pounds, supposing the unit of volume of the stand-
ard substance to weigh 16 lba. §

25. 1If the density of distilled water be the unit of density,
and 1 foot per second the umit of velocity, find the units of
space and time, in order that the formula, p=gpz, may give the
pressure in ounces.

V'26. If one yard be the unit of length, what must be the
unit of time in order that the formula, p=gpz, may give the
pressure in pounds, the weight of an unit of volume of the
standard substance being 1000 lbs. ¥

v27. A sphere of 6 inches radius lies at the bottom of a pail
of water, whose depth is 2 feet; find the numerical value of*
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the pressure on its surface, a foot being the unit of lemgth, the
density of water the unit of density, and one quarter of a second
the unit of time.

v98, A solid triangular prism, the faces of which include
angles a, 8, v, is completely immersed in water with its edges
horizontal ; if P, @, R, be the pressures on the three faces, which
are respectively opposite to the angles a, 8, «, prove that

P cosec o+ Q cosec 8+ R cosec ¥
is invariable o long as the depth of the centre of gravity of the
prism is unchanged.,

Y99, A oubical vessel, standing on & horizontal plane, has
one of its vertical sides loose, which is capable of revolving
about a hinge at the bottom. If a portion of fluid equal in
volume to one-fourth of the cube be poured into the vessel, the
loose side will rest at an inclination of 45° to the horizon: com-
pare the weight of the side with the weight of the fluid in the
vessel.

v 30. A cubical box, filled with water, has a close fitting
heavy lid fixed by smooth hinges to one edge; compare the
tangents of the angles through which the box must be tilted about
the several edges of its base, in order that the water may just
begin to escape.

81. A cylindrical tumbler, containing water, is filled up with
wine ; after a time half the wine is floating on the top, half the
water remains pure at the bottom, and the middle of the tumbler
is ocoupied by wine and water completely mixed, the common
surfaces being horizontal planes; if the weight of the wine be
two-thirds of that of the water, and their densities be in the ratio
of 11 : 12, prove that in this position the whole pressure of the
pure water on the curved surface of the tumbler is equal to the
whole pressure of the remaindor of the liquid on the tumbler.



CHAPTER 1IV.

Resultant Vertical and Horizonial Pressure on any
Surface, resultant Pressure on the Surface of an
tmmersed Solid, Conditions of Equilibrium of a
Floating Body, the Camel, Method of removing
Wooden Piles, Stability of Equilibrium, Metacentre,
Bodies floating in Air, the Balloon.

51. Pror. 70 find the resullant vertical pressure of
a liguid on any surface.
Let PQ be a portion of surface in confact with a liquid

at rest, and through the boundary line of PQ draw verti-
cal lines to the surface 4.B, thus enclosing a mass of tho
liquid.

The pressure of the surrounding liquid on this mass is
entirely horizontal, and it is therefore clear that the weight
of the mass is entirely supported by the reaction of the
surface PQ.

Hence the vertical component of this reaction must be
equal to the weight of the mass 4 BQP.



46 Resultant Vertical Pressure.

By the previous Chapter this is true whether the
AB be really in the liquid, or only in the horizontal
through the highest point of the liquid, as in the figure. -

A B

Hence it follows that the resuliant sertical pressure is
i the weight of the superincumbent liguid.

52. There are other cases which it is requisite to con-
sider.

Thus the liquid may press upwards on the surface.

In this case, let 4B as before be the curve formed by
vertical lines round PQ, and
imagine the liquid within to -
Po removed and the outside
of PQ to be under the pres-
sure of a fluid of which 48
is the surface. It will be seen
that the pressure at any point
of PQ is the same as before
in magnitude, but opposite in direction, and the resultant
vertical pressure is therefore the same, only that it is now
downwards, and by the previous article it is equal to the
weight of ABQP.

Hence the resultant vertical pressure upwards o P@
is as before equal to the weight of the liquid above it, that,
is, between PQ and the surface.

Or the pressuro may be partly upwards and partly
downwards, as on PEQ.

Draw Q@' vertical, and sonsider the pressures on QEQ‘
and @ P separately.
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By the same reasoning the vertical pressére KMQ‘E’Q'
wards and equal to % ( &' esed b

eight of the liqud con-
tained between the surface
and the vertical plane Q@',
and the difference between |&
this and the upward vertical EF
pressure on P¢ is the result-
ant vertical pressure on the
surface PQ.

In all cases the line of action of the resultant vertlc.nl{
pressure is the vertical through the centre of gravity of
the supericumbent hquid.

53. Prop 70 find the resultant horizontal pressure
in a given direction of a liguid on any surface.

Take a fixed vertical plane perpendicular to the given
direction, and draw horizon-
tal lines th1ough the boundary
of the surfaco P@Q, meoting
the vertical plane m the curve
AB. Conwdermg the liqymd
thus enclosed as a sohd body,
its equbibrium 18 mamtaned
by 1ts own weight, by the
fluid pressures on its curved
surface which aro all parallel to the vertical plane, and by
thoe flud pressures on the surfaces 4.3 and PQ.

Hence the horizontal component of tho rcaction of PQ
must be equal to the pressure on 4 B, which can be found
from provious mvestigations, and the line of action will be
the horizontal hne through the centre of pressure of 4.B.

54. We are now in a position to detcrmine the result-
ant pressure in direction and magumitude of a liqmd on any
surface ; for we can obtain separately the vertical and hon-
gontal pressures, and Lence, by the principles of Statics,’

. doterming the magnitude and dire?tion of the resultant.
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BEx 1. A vessel in the form of an open semi-cylinder
its ends vertioal, is filled with water; it is required to nﬁg
resultant pressure on either of the

portions into which it is divided by :

a vertical plane through the axis of

the oylinder.

Let h be the length of the cy-

_ linder and a its radius, and let the

figure be a vertical section through
the middle point O of its length,

The resultant vertical pressure on AB
=the weight of the fluid 04 B

X

if w be the weight of an unit of volume.

The resultant horizontal pressure on 4 B=the pressure on
the vertical section perpendicular to the plane of the paper, that
is, on a rectangle of which the sides are a and &,

=wah§ =% wa?h,

Hence the angle 4, at which the direetion of the resultaut
pressure i8 inclined to the horizon, is given by the equation

Moreover, since the pressure at any point acts in a direction
passing through the axis of the cylinder, the resultant pressure

acts in & line through O, and, if POB=tan™! ( ) the point P
is the centre of pressure of the curvilinear surface,

Ex. 2. A hollow cone filled with water is held with its
. vertex downwards ; it is required to determine the resultant
pr.ureonextberdthep‘ﬁmmtowhwhltudmdedbya
vertical plane through its axis.
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Lot a be the radius of the base and 2a the vertical angle.
The volume = ;rra’oota.

The resultant vertical pressure on
the portion 4EVB

=1 the weight of the fluid

/]

\

N

= ; wrxa?® cot q,

if w be the weight of an unmit of
volume, ’

The resultant horizontal pressure

=the pressure on the triangle 4 VB

= fw.a"cota.%aoota
= waPcot?a;
3 ’
therefore the resultant pressure
=Y, \/ Lo 1, !
sa cota 4 +cotia,

and if @ be the angle at which its direction is inclined to the
horizon,

1

6" r
tan0=—-=—2-tnn¢.

~cobt a

3

In general the determination of the line of action can only be
effected by means of the Integral Calculus, but in the first ex-
ample we were able to infer at once the position of the line of
action, and in some casos it may be determined by special geo-
metrical contrivances.

As an example, the position of the line of action in this last
case will be obtained in the appeflix by the help of such a
contrivance. ,

B.E. H, 4
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¢
."""%5. To find the resultant pressure of a liguid on the
, surface of a solid either wholly or partially immersed.
Imagine the solid removed, and the space it occupied
in the liquid to be filled with the liquid, and suppose this
liquid to be solidified. It is clear that the resultant pres-
sure on this solidified liquid is the same as on the original
solid. The weight of the liquid is entirely supported by th?\
pressure of the surrounding liquid, and therefore the result-
ant pressure is equal to the weight of the displaced liquid,
and acts vertically upwards in a line passing through its
ntre of gravity.
his is sometimes expressed by saying that a solid
tmmersed in fluid loses as much of its weight as is equal
to the weight of the fluid it displaces, observing that the
above reasoning is equally applicable to the case of a body
immersed in elastic fluid.
PL 56. To find the conditions of equilibrium of a floating
body. W‘V%s
[ By the previous article the resultant pressure is equal

to the weight of the displaced liquid. It follows therefore

' that, the E(L)'dy being supported entirely by the liquid, th

W‘tf o di 4 »‘.‘.
g . ©

displaced liqui

in the same ertical ine.

These conditions also hold good when the body floats
partly immersed in two or more liquids, and are, for such
cases, established by precisely the same reasoning.

67. If a homogeneous body float in a liquid, its
volume will bear to the volume immersed the inverse
ratio of the specific gravilies of the solid and liquid.

For if 7, V" be the volumes, and s, s’ the speci'ﬁc gra-

vities,
Vs=the weight of the body
=the weight of the displaced fluid
=V'¢;
S ViV=¢:es
- 68, To the condfgions of equilibrium of a solid
Jloating in l'z':gd and partly supported by a siring.
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First,"I6¢ the /edlid be homogeneous and wholly im-
mersed ; then the centres of gravity of the solid and of
the liquid displaced will be the same, and -the direction of
the string must be the vertical through the centre of gra-
vity. Also

the tension = the weight of the body —the weight lost

=V (s-7)]|

if 8, & be the specific gravities of the solid and flnid.

Secondly, let the solid be homogeneous and partly
immersed.

Let 77 be the part immersed, H its centre of gravity,
and G the centre of gravity of the body.

Draw vertical lines through A and & meeting the sur-
face in C and A4, and let the direction of the string meet
the surface in .B.

Then, if 7' be the tension, the three forces, 7" Vs, and
V’ ¢ acting at B, 4, and C will balance each other;

S Ve=T+ V',
and Vs.AB=V's .CB.

The second equation is the condition of equilibrium,
and the first gives the requisite tension. :
The case in which a heterogeneous body is partly sup-
ported by a string may be left fofthe consideration of the
student.
42
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59. The Camel. This is an 3] tus for carrying a
ship over the bar of & river. consists of four, or &
greater number of, watertight chests, which are filled with
water, placed in pairs on opposite sides of the ship, and
attached to the ship, or attached to each other by chains
passing under the keel. If the water be then pumped
out, the vessel will be lifted, and may be towed over the
bar into deep water. The lifting power of the camel is
the weight of water displaced by the chests, diminished
by the weight of the whole apparatus.

60. Removing wooden Piles. It is sometimes neces-
sary to remove entirely piles which have been driven down
in deep water ; for instance, the piles employed to keep out
water during the construction of a dock. After the water
has been allowed to flow within the piles, they are sawn
off to a convenient depth, and a barge is floated over them
and filled with water. The barge is then attached by
chains to a pile, and the water pumped out; as the pump-
ing proceeds the barge is lifted, and the pile is forcibly
drawn out. If the operation take place in the sea, a great
advantage is gained by fastening the barge to the pile at
low tide. The rise of the tide will sometimes draw out
the pile, but, if necessary, additional force must be gained
by pumping water out of the barge.

61. We now proceed to exemplify the preceding pro-

positions by their application to some particular cases,
VEx. 1. A man, whose weight is 150 Ibs., and specific gra-

vity 1.1, just floats in water, the specific gravity of which is 1,
by the help of a quantity of cork. The specific gravity of cork
being .24, find its volume in cubic feet.

Let ¥V be the volume of the cork, and ¥’ of the man, in cubie
feet,

Then ¥ (.24)+ ¥V (1.1)=the weight of the water displaced
=V+V;
or V(76)=V (.1).
1000

Bat ¥V (1.1) -llel.rthO Wtig]lt of the man

i+ =150 lbs.;
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vEx. 2. A cylindrical pieco of wood floats in water with its
axis vertical; ind how much it will be depressed by placing a
given welght on the top of it.

If w be the weight placed on the top, it will be depressed
through such a space that the additional amount of displaced
fluid has its weight equal to w.

Now, if W be the weight of the cylinder, it is also the
weight of the fluid displaced by the cylinder, and therefore, if
& be the depth of the base of the cylinder originally, and = the
depression, 2

’ w:W:uz:k; w'd"',:u
W o~ 4. %, W

z=%h.

If this value of z exceed the height of the cylinder orlgma.l]y
above the surface, it will be entirely immersed, and the possi-
bility of equilibrium will then depend on the denaxt.y of w.,

t
+Ex. 8, An isosceles triangular lamina floats in water with
ita base horizontal : it is required to find the position of eqm-
librium when the base is above the surface.

Take p’ and p as the densities of the lamina and of water,
% aa the height of the triangle, and % the depth to which it is
immersed.

Then p’ (volume of lamina)=p (volume of fluid displaced);
and therefore, similar triangles being proportional to the squares
of homologous sides, we have

-
P =pe3, and z=h \/5 .

The second condition is obviously satisfied in this and ths
preceding example.

1Ex. 4. Can an isosceles triangular lamina float with its
base vertical in a liguid of twice its density
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The first condition requires that half the triangle should be
immersed, and therefore its vertex A is in the surface.

B

Also, if G, H be the centres of gravity, .
Ag=§u, m“y=§ AF, P being the middle point of EC';

oo AG : A" :: AE : AF.

Hence GH is parallel to EF, is therefore vertical, and both
conditions are satisfied.

Ex. 5. A cylinder floats with its axis vertical, partly im-
mersed in two liquids, the denslties of the upper and lower
Jiquids bemg respectively p and 2p, and the density of the cy-

hnder— ; find the position of equilibrium of the eylinder, its
length bemg twice the depth of the upper fluid.

Let x be the length immersed in the lower fluid, & the area of
either end, and 2k the whole length.

Ther: 3"1: 2= pkh + 2pke
o’ t:;l.
If the cylinder were just) immersed, its density o’ would be
such that
20'h=ph +2ph 5
3
orp'=— :a

and z would then be equal to 4. .

J Ex, 6. A cubical box, th; volume of which is one cubic
foot, is three fourths filled with water, and a leaden ball, 1;!19=
volume of which is 72 cubic inches, is lowered into the water by
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a etring ; it is required to find the increase of pressure an the base
and on a side of the box.

The complete immersion of the lead will raise the surface
4 an inch, since 144 square inches is the area of the surface,

-The pressure on the base is therefore increased by the weight

of 72 cubic inches of water, i e. by T7 2 1000 oz., or 41% oz.

728
The area of a side originally in contact with the fluid was

r

i of a square foot,

and the pressure was 1000 x% x —g oz., or 281} oz; .

gths of a foot being the depth of the centre of gravity.

The new area is 8 + L 19

itai or24ofa|qua.refoot;

19 19,

31°8
=31382; oz,

The increase is therefore a little more than 32 oz.

.*. the new pressure=1000 X z.

Ex. 7. A solid hemisphere és moveablé about the centre of its
plane base whick is fixed in the surface of a liquid ; if the densily
of the liguid be twice that of the solid, any position of the solid
will be one of rest.

Hold the solid in the position 4 DB, DE being the surface
of the liquid ; continue the sphere
to the surface E of the liquid,
and imagine the portion of li-
quid within CBE to become solid _
and to bp attached to the hemi-
sphere. Make the angle DCF
equal to ZCB, the figure being
a vertical section through the
centre C of the bemisphere per-
pendicular to its plane base.

The wedge or lune FCB would be of itself in equilibrium;
and, without knowing the position of the centre of gravity of a
wedge, it is easily seen that the horizontal distance from O of
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the centre of gravity of ECB is equal to that of the centfe'ol
gravity of ACF; hence the moment about O of the weight of*
ECB is equal to the moment about C of the weight of ACF.
Moreover the fluid pressures on the surface DBE all act in lines
through C, and therefore, releasing the hemisphere, and reatoring
CBE to its liquid condition, the solid remains at rest.

The result of this problem has been practically employed in
the construction of an oil-lamp, called Cecil's Lamp, such that
the surface of the oil supplying the wick is always the same.
DEB is a hemispherical vessel containing oil, and ADB a
hemisphere, the specific gravity of which is half that of the oil;
a8 the oil is consumed, 4 DB turns round O, and CK is always

the ce of the oil.
§ .
x. 8. A solid hemisphere, completely immersed in liquid,

of density p, is Leld so that the centre of its base is at a depth
¢ below the surface, and the plane of its base inclined at an
angle 0 to the vertical; it is™Pequired to determine the resultant
horizontal and vertical pressures on its curved surface.

Taking a for the radius, the resultant vertical pressure on its
whole surface=the weight of the fluid displaced,
=2 rad
=g gpma’.

This resultant is the difference between the resultant vertical
pressures on the curved surface and the plane base; but the
pressure on the base=gpwac, in a direction inclined to an angle
0 to the horizontal; and therefore the resultant vertical pressure
on the base=gpma’c sin 6.

Hence, if the base be turned upwards, the resultant vertical
pressure on the curved surface

=§ gomwa® + gpwa’c sin 8.

If the base be turned downwards, the vertical pressure on the
curved surface

= gpwa’c sin 6 -g gpwa®,
Also the horizontal pressure on the curved surfuce

=the horizontal pressure.on the base
=gpwua’c cos 0.
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Hence the actual resultant pressure on the curved surface

=9pra’\/c’*-:acdn 0+-; a?,

It will be seen that the method of this example can be ap-
plied to find the resultant pressure on the surface of any solid
Lpukn:oed by a plane of known area, if the volume of the molid

wn. .

Stability of Equilibrium.

62. Imagine a floating body to be slightly displaced
from its position of equilibrium by turning it round so
that the line joining its centre of gravity with that of the
fluid displaced shall be-inclined to the vertical. If the
body on being released return to its original position its
equilibrium is stablo; if, on other hand, it fall away
from that position its original position is sa.i‘to be one of
unstable equilibrium.

Metacentre. In the figure let G, H be the centres

of gravity of the body and of the fluid originally dis-
placed, H’ the centre of gravity of the fluid displaced in
the new position, and Jf the point where a vertical through
H’ meets HG.

The resistance of the fluid acts vertically upwards in
the line H’M, and it is therefore evident that, if M be
above @, the action of the fluid will tend to restore the
body to its original position ; but, if M be below G, to turn
the body farther from its original position,

The position of the point M will in general depend on
the%extent®of displacement. If the displacement be very
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small, that is, if the angle between GH and the vertical

be very small, the Eviint M is_called the metacentre, und
the question of 8 ¥y 18 now reduced to the determina-
tion of this point.

One of the most important problems in naval archi-

tecture is to secure the ascendancy under all circumstances
of the metacentre over the centre of gravity.

This is effected by a proper form of the midship sec-
tions, s0 as to raise the metacentre as much as possible,
and by ballasting so as to lower the centre of gravity, and
the greater the distance between the points G and M, the
greater is the steadiness of the vessel

Moreover, the naval architect must have in view the
probability of large displacements, due to the rolling: of
the vessel, and not me: the small movement which is
considered 18 the dete tion of the metacentre.

63. In particular cases the metacentre can be some-
times found by elementary methods, but its general deter-
mination involves the application of the Integral Cal-
culus,

In one case however its position is obvious. Let the
lower portion of the solid be spherical in form; then as
long as the portion immersed is spherical, the pressure of
the water at every point acts in the direction of the centre
of the sphere, and therefore the resultant pressure must
act in the vertical line through the centre (£) of tho
sphere.

) e B oy

e T ’
R

Now in the original positiun the centre of gravity of
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the fluid displaced is evidently in the vertical through E,
and therefore the centre of gravity of the body is in the
vertical through E.

Hence the point, E is the metacentre.

Thus if any portion Whatever be cut from a solid sphere
it will float in stable equilibrium with its curved surface
partly immersed.

64. Bodies floating in air.

The fact that air is heavy enables us to extend to
bodies, floating either wholly or partly in air, the laws of
equilibrium which have been established for bodies floating
in liquids. ‘

Taking one case, if a body, lighter than water, float on
its surface, it displaces a certgin quantity of water and
also a certain quantity of air; 1 we remove the body and
suppose its place filled by air and water, it is clear that
the weight of the displaced air and water is supported
by the resultant vertical pressures of the air and water
around it.

Hence the weight of the body must be equal to the
weight of the air and water it displaces, and the centre
of gravity of the air and water displaced must be in the
same vertical line with the centre of gravity of the body.

In a similar manner, if a body float in air alone, its
weight must be equal to the weight of the air it displaces.

65. The Balloon. The ascent of a balloon depends
on the principle of the previous article. A balloon is a
very large envelope, made of silk, or some strong and light
substance, and filled with a gas of less density than the air,
usually coal gas. A car is attached in which the aeronauts
are seated, and the weight of air displaced being greater
than the whole weight of the balloon and car, the balloon
ascends, and will continue ascending until the air around
is not of sufficient density to support its weight. In order
to descend, a valve is opened and a portion of the gas
allowed o escape.

The ascensional force on a balloon is the weight of the
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a::e l‘ft displaces diminished by the weight of the balloon
i

A

Taking a simple case, suppose a triangular lamina
immersed with its plane vertical, and vertex beneath
the surface, and let the area 4P@ be constant. Through
H the centre of gravity of the area APQ, draw pHg
parallel to P@; then the area Apg is constant, and there-
fore pg always touches, at its middle point #, an hyperbola

of which 4.5 and AQ are the.asymptotes. This hyperbola
is_the curve of bugyancy. Now in the position oi' equi-
librium, 18 vertical, and is consequently perpendicular
to pg.

The position of equilibrium is therefore determined by
drawing normals from G to the curve of buoyancy.

67. It is a general theorem that the positions of equi-
Iibrium of a floating body are determined by drawing
normals from the centre qf gravity of the body to the
surnface of buoyancy.

‘We give a proof for the case of a lamina with its plane
vertical, or, which is the same thing, of a prismatic or
cylindrical body with its flat ends vertical.

<
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Let PQ, pg cut off equal areas, so that the triangies
POp, QCq are equal. i

A

Then, if H be the centre of gravity of PAQ, E and F
of PCp and QCq, take the point K in FH produced
such that KH : KF :: QCq : QAP;
and in KE the point A’ such that

’ KH' : KE :: PCp : pAg;
then H' is the centre of gravity of pAg.
Hence, since KH' : KE :: KH : KF,

it follows that HH' is parallel to EF, and therefore, ulti-
mately, when the displacement is very small, HH’ is
parallel to PQ, or, in other words, the tangent to the
curve of buoyancy at H is parallel to P@.

Now, in the position of equilibrium, GH is vertical, and
is therefore normal, at the point H, to the curve of
buoyaney.

The metacentre having been defined as the point of
intersection of the vertical through H' with the line HG,
tit follows that the metacentre is the centre of curvature, at
the point H, of the curve of buoyancy.
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EXAMINATION UPON CHAPTER IV,

. 1. Bhew how to find the resultant vertical pressure of a
liquid on a surface; 1st, when it acts upwards, 2nd, when it
acts downwards,

2. Apply the preceding to find the resultant pressure on
& solid completely immersed.

8. A solid cone of metal, completely immersed in liquid,
is supported by a string; find the tension of the string.

4. State the conditions of equilibrium of a floating body.

5. A wooden plank floats in water, and a weight is placed
at one end of the plank; find the weight which, placed at a
given distance from the other end, will keep the plank in a
horizontal position.

6. Describe a method of removing piles in deep water.

v7. A cylinder floats vertically in a fluid with 8 feet of its
length above the fluid; find the whole length of the cylinder,
the specific gravity of the fluid being three times that of the
cylinder. v&= y'g’

v8. A body floats in one fluid with §ths of its volume
immersed, and in another with #ths immersed; compare the
specific gravities of the two fluids. :

{ 9. A cylinder of wood 8 feet in length floats with its
axis vertical in & fluid of twice its specific gravity; compare
the forces required g raise it 6 inches and to depress it 6
inches. G4 1 5

10. Three equal rods are jointed tdgether so as to form
an equilateral triangle, and the system floats in a liquid of
twice the density of the rods, with one rod horizontal and
above the surface ; find the position of equilibrium.

11, Explain what is meant by stability of equilibrium, and
define the metacentre,

12. A small iron nail is driven into a wooden sphere, and
the weight of the sphere is then half that of an equal volume
of water; find its positions of equilibrium in water, and examine
the stability of the equilibrium,
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¥13. A block of wood, the volume of which is 4 cubic foet,
floats half immersed in water; fiud' the volume of a piecs of
metal, the specific gravity of which is 7 times that of the
wood, which, when attached to the lower portion of the wood,
will just cause it to sink,

14, A cylindrical block of wood is placed with its axis
vertical in a cylindrical vessel whose base is plane, and water
is then poured in to twice the height of the oylinder; find the
pressure of the wood on the base of the vessel.

15. Two cylindrical vessels, containing different fluids, and
standing near each other on a horizontal plane, are connected
by a fine tube, which is close to the horizontal plane; when
the communication is opened between them, determine which
of the fluids will flow from its own vessel into the other, and
find the condition that the equilibrium may not be disturbed.

V168, Two bodies of given size and given specific gravities
aro connected by a string passing over a pulley, and rest
completoly immersed in water; find the condition of equili-
brium.

NOTE ON CHAPTER IV.

The Principle of Archimedes. The énunciation and proof of
the proposition of Article (56) are due to Archimedes, and
¥8is a remarkable fact in the history of acience, that no further
progress was made in Hydrostatics for 1800 years, and until
the times of Stevinus, Galileo, and Torricellt, the clear idea
of fluid action thus expounded by Archimedes remained barren
of results,

An anecdote is told of Archimedes, which practically illus-
trates the accuraoy of his conceptions, Hiero, king of Syracuse,
, had a certain quantity of gold made into a crown, and sus-
pecting that the workman had abstracted some of the gold
and used a portion of alloy of the same weight in its place,
applied to Archimedes to solve the difficulty. Archimedes, while
reflecting over this problem in bis bath, observed the wWater
running over the sides of the bath, and it occurred to him
that he was displacing a quantity of water equal to his own
- bulk, and therefore that & quantity of pure gold equal in weight
to the crown, would displace less water than the crown, the
volume of any weight of alloy being greater than that of an
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equal weight of gold. It is related that he immediately ran out
into the streets, crying out efippral efpyxal

The two books of Archimedes which have come down to
us, “De iis que in Rumido vehuntur” were first found in an
old Latin MS. by Nicholas Tartaglia, and edited by him in
15637. In the first of these books it is shewn that the surface
of water at rest must be a sphere of which the centre is at
the earth’s centrs, and various problems dre then solved relating
to the equilibrium of portions of spherical bodies. The second
book contains the proposition of Art. (56), and the solutions
of a number of problems on the equilibrium of paraboloids, some
of which involve complicated geometrical constructions,

The authenticity of these books is confirmed by the fact
that they are referred to by Strabo, who not only mentions
their title, but also quotes the second proposition of the first
book.

Stevinus and Galileo. The Treatise of Stevinus on Statics
and Hydrostatics, about 1585, follows that of Archimedes in the
order of thought. In this he shewed how to determine the
pressure of a liquid on the base and sides of a vessel con-
taining it.

Galileo, in his Treatise on Floating Bodies, published in
1612, states the Hydrostatic paradox, and explains why the
floating of bodies doss not depend on their form.

EXAMPLES.

v1. A uniform solid floats freely in a fluid of specific gravity
twice as great as its own; prove that it will also float in equi-
librium, if its position be inverted.

¥2, A block of ice, the volume of which is a cubic yard;
is observed to float with 2z ths of its volume above the surface
and a small piece of granite is seen embedded in the ice; find
the size of the stone, the specific gravities of ice and granite
being respectively .918 and 2.65.

¥ 8. An isosceles triangular Jamina floats with its base hori-
zontal and beneath the surface of & liquid of twice it density;
find the position of equilibrium, L* -
, #4. A solid cone floats with its axis vertical in a liquid the
density of which is twice that of the cone; compare the portions
of the axis immersed, 1st, when the vertex is upwards, 2nd,
when it is downwards,
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v5. If w, ws, w, be the apparent weight of a body in thres

liquids, the specifio gravities of which are s, &, 3, prove

that , . .
0, (83— 85) + 105 (3, = ;) + W, (9, — 85)}==0.

vé. An equilateral triangular lamina suspended freely from

A, rests with the side 4B vertical, and the side A bisected

by the surface of & heavy fluid; prove that the density of the
lamina is to that of the fluid :: 15 : 16.

“7. A vertical oylinder of density 2 floats in two liquids,

the density of the upper liquid being p, and of the lower 2p;
if the lerigth of the cylinder be twice the depth of the upper
liquid, find its position of rest.

¥8. A wooden rod is tipped with lead at one end; find the
density of a liquid in which it will float at any inclination to
the vertical ; the weight of the lead being half that of thq rod,
and its size being neglected.

¥ 9. The weight of the unimmersed portion of a body floating
in water being given, find the specific gravity of the body, in
order that its volume may be the least possible. o

¥10. A cylindrical glass cup weighs 8.0z, its external radins"
is 1} inches, and its height 4} inches; if it be allowed to flaat?
in water with its axis vertical, find what additional weigh
must be placed in it, in order that it my‘uink.

v11. A vesdel in the fortn of half the above cylinder with
both its ends closed, floats in water, with its ends vertical;
find the additional weight which being placed in the centre
of the vessel will cause it to be totally immersed. x = (375”— 4}

¥12. A uniform rod, whose weight is W, floats in water in
a position inclined to the vertical with a partiele, of weight W,
attached to its lower end; shew that, if the demsity of the
water be four times that of the rod, half the length of the rod
will be immersed.

V13, A uniform rod floats partly immersed in water, and
«supported at one end by a string; prove that, if the length
immersed remain unaltered, the tension of the string is inde-,
pendent of the inclination of the rod to the vertical.

¥i4. A spherieal shell, the internal and external radii of
which are given, floats half imimersed in water; find its density
compared with the density of, water,

B. B. H, 5
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V15, A heavy hollow right cone, closed by a base without
welght, is completely immersed in & finid, find the force that
will sustain it with its axis horizontal.

v 16. Find the position of equilibriom of & solid cone, foating
with its axis vertical and vertex upwards, in a fluid of which
the density bears to the density of the cone the ratio 27 : 19.

¥17. A rectangular lamina 4 BOD has a weight- attached to
the point B, snd floats in water with its plane vertical and the
diagonal AC in the surface; prove that the specific gravity of
the fiuid is three times that of the lamina,

V18. A solid paraboloid floats in a liquid with its axis ver-
tical and vertex downwards; having given the densities of the
paraboloid and the liquid, find the depth to which the vertex is
submerged.

v19. A ship sailing from the sea Into a river sinks two inches,
but after discharging 40 tons of Ler cargo, rises an inch and &
halt; determine the weight of the ship and cargo together, tha,
specific gravity of sea-water being 1.025, and the horizontal
section of the ship for two inches above the sea being invari-
able.
."'.420. A cylindrical vessel of radius  and height % is three-
%urths filled with water; find the largest cylinder of radius +
*and specific gravity .5 which can be fTaced iu the water without
l!'wling it to run over, the axes of the cylinders being vertical
and ” less than r.

21, A hollow cylinder is just'filled with water, and closed,
is then held with its axis horizontal ; find the direction and
magnitude of the resultant pressure on the lower half of the
curved surface,” Also, if the cylinder be held with its axis ver-
 tical, find the direction and magnitude of the resultant pressure
on the same surface.
~22, A solid cylinder, one end of which is rounded off in
the form of a hemisphere, floats with the spherical surface partly
immersed : find the greatest height of the oylinder which is con-
sistent with stability of equilibrium.

23. A body floating on an inelastic fluid is observed to
have volumes P,, P;, P, respectively above the surface at times
when the density of the surrounding air is py, py, ps; shew
that

—Ps, P3—P1, Pr—Pe_,.
&wﬁ— +55-tp 0

) Pﬂ 3
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¥24, A frustum of a right circular cone, cut off by a plane
bisecting the axis perpendioularly, floats with its smaller end
in a fluid and its axis just half immersed; compare the densities
of the cone and fluid.

v25. A solid cone and a solid hemisphere, which have their
bases equal, are united together, base to base, and the solid thus
formed floats in water with its spherical surface partly immersed ;
find the height of the cone in order that the equilibrium may be

neutral. .

“26. Three uniform rods, joined so as to form three sides of
a square, have one of their free extremities attached to a hinge
in the surface of a fluid, and rest in a vertical plane with half
the opposite side out of the fluid; shew that the specific gravity
of the rods is to that of the fluid as 31 : 40.

V27. A triangle 4 BC floats in a fluid with its plane vertical,
the angle B being in the surface of the fluid and the angle 4
not immersed. Shew that the density of fluid : density of the
trianglo :: sin B : gin 4 cos C.

V28, A solid cone floats with its axis vertical and vertex
downwards in an inelastioc fluid ; prove that, whatever be the
density of the fluid, supposing it greater than Xa.t of the solid,
the whole pressure on its curved surface is the same.

29. Two fluids are in equilibrium, qune upon the other, the
lower fluid baving the greater specific gravity, and a sohd
cylinder, the height of which is equal to the depth of the upper
fluid, is immersed with its axis vertical: the specific gravity oft
the cylinder being greater than that of the upper Huid, find the
position of equilibrium.

‘What would be the effect of an increase in the density of

the upper fAluid? Will the equilibrium be stable or unstable for
a vertical displacement?

80. Two equal uniform rods 4B, BC are freely jointed at
B, and are capable of motion about 4, which is fixed at a given
depth below the surface of a uniform hoavy fluid. Find the
position in which both rods will rest partly immersed, and shew
that, in order that such & position may be possible, the ratio of
the density of the rods to the density of the fluid must be less

b
than 5 .
3l. An equilateral triangle, 4 BC, of weight W and speoific
5—2
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gravity o, Is moveablo about a hinge at 4, and is in equilibrium
when the angle C is immersed in water and the side 4B is
horizontal, 1t is then turned about 4 in its own plane until
the whole of the side BC is in the water and horizontal; prove
that the pressure on the hinge in this position

=21—':£'W.
‘ o

82. A solid hemisphere is completely immersed with the
centre of its base at a given depth; if W be the weight of fluid
it displaces, P the resultant vertical pressure, and Q the result-
ant horizontal pressure, on its curved surface, prove that for all
positions of the solid (W—.P)3+ Q? is constant,

83. A hollow cone, filled with water and ‘clobed, is held with
its axis horizontal; find the resultant vertical pressure on the
upper half of its curved surface. °

84, A solid cylinder which is completely immersed in water
has ita‘centre of gravity at a given depth below the surface, and
its axis inclined at a given angle to the vertical; determine the
resultant horizontal and resultant vertical pressures upon its
curved surface,ind the direction and magnitude of the resultant
pressure on the curved surface.

85. The vertical angle of a solid cone is 60%; prove that it
can float in a liquid with its vertex above the surface and its
base touching the surface, if the densities of the cone and the

Mliquid are in the ratio of 2v2-1 : 2v2.

86. A thin hollow cone closed by an eqaally thin base will
remain wherever it is placed entirely within a liquid; prove that
its vertical angle is 2 sin~? 3.

87. The base of a vessel containing water is a horizonial
plane, and a sphere of less density than water is kept totally
immersed by a string fastened to the centre of a circular disc,
which lies in contact with the base. Tind the greatest sphere

of given density, and also the sphere of given size and
least density, which will not raise the disc.



CHAPTER V.

ON AIR AND GASES.

Elasticity of Air, Effect of Heat, Thermometers, Torri-
celli's Ezperiment, Weight of Air, the Barometer
and its Graduation, the Relations between Pres-
sure, Density, and Temperature, Determination of
Heights by the Barometer, the Siphon, Graduation
of @ Thermometer, the Differential Thermometer,

68. THE pressure of an elastic fluid is measured ex-

actly in the same way as the pressure of a liquid,
and it has been mentioned before that the properties of
equality of pressure in all directions and of transmission of
pressure are equally true of liquids and gases.

There is however this difference between a gas and a
liquid, that the pressure of the latter is entirely due to its
weight, or to tho application of some external pressure,

~while the pressure of a gas, although modified by the ac-
tion of gravity, depends in chief upon its yolume and
\tg_u_lperature.

The.action of a common syringe will serve to illustrate
the elasticity of atmospheric air. If the syringe be drawn
out and its open end then closed, a considerable effort
will be required to force in the piston to more than a
small fraction of the length of its range, and if the syringe
be air-tight, and strong enough, it will require the appli-
cation of very great power to force down the piston through
nearly the whole of its range. Moreover, this experiment
with a syringe shews that the preasure increases with tho
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compression, the air within the syringe acting as an elastic
cushion. If the piston after being forced in be let go, it
will be driven back, the air within expanding to its original
volume.

Another simple illustration may be obtained by im-
mersing carefully in water an inverted glass cylinder.
Holding the eylmder vertical, fig. Art. 94, Ex. (2), it may
be pressed down in the water without much loss of air,
and it will be seen that the surface of the water within
the vessel is below the surface of the water outside. It
is evident that the pressure of the air within is equal to
the pressure of the water at its surface within the cylinder,
which, as we have shewn before, is equal to the pressure at
the outside surface, increased by the pressure due to the
depth of the inner surface; hence the air within, which
has a diminished volume, has an increased pressure.

69. Effect of heat. It is found that if the tempora- .
ture be increased, the elastic force of a quantity of air or
gas wlgch_cg___mnw but that
if the air can expand, while its pressure remains the same,
its volume will be increased.

To illustrate this, imagine an air-tight piston in a ver-
tical cylinder containing air, and let it be in equilibrium,
the weight of the piston being supported by the cushion of
air beneath.

Raise the temperature of the air in the cylinder; the
piston will then rise, or, if it be not allowed to risc, the force
required to keep it down will increaso with the increase of
temperature.

70. Thermometer. As a general rule bodics expand
under the action of heat, and contract under that of cold,
and the only method of measuring temperatures is by ob-
serving the extent of the expansion or contraction of some
known substance.

For all ordinary temperatures mercury is employed,
but for very high temperatures a metal of some sort is the
most useful, and for very low temperatures, at which mer-
cury freezes, alcohol must be employed.
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1. The Mercurial Thermometer is formed of a thin
glass tube terminating in a bulb, and having its
upper end hermetically sealed. The bulb contains
mercury which also extends partly up the tube,

. and the space between the mercury and the top of
the tube is a vacuum,

It must be observed that, as the glass expands
with an increase of temperature, as well as the
mercury, the apparent expansion is the difference
between the actual expansion and the expansion
of the glass.

In the Centigrade Thermometer the freezing
point is marked 0° and the boiling point 100° the
space between being divided into 100 equal parts,
called degrees.

In Fahrenheit’s Thormometer the frcezmg point is
marked 32° and the boiling point 212°; and in Reaumur’s
the freezmg point is 0% and the boxlmg point 80°.

72. To compare the scales of these Thermometers.

Lot C, F and R be the numbers of degrees marking
the same temperature on the respgctive thermometers ;
then, sinco the space between the boiling and freezing
points must in each case bo divided in the same proportion
by the mark of any given temperature, we must have

C:F-32: R ::100 : 180 : 80

05:9: 4,
5 9 T4’

it being taken for gra.nted that the temperature indicated
by the boiling point is the same in all.

The method of filling the thermometer, and the defi-
nitions of the freezing and boiling pomts, will be given at
the end of the chapter.

73. Pressure of the Atmoa};horc. Torricell’s Exz-
periment.



72 Torricelli’s Experiment.

The action of the atmosphere was distinctly ascertained
by the experiment of Torricelli. Taking a glass tube 4.3,

32 or more inches in length, open at the end 4 and closed
at the end B, he filled it with mercury, and then, closing
the end 4, inverted the tube, immersed the end 4 in a cup
of mercury, and then opened the end 4. The mercury was
observed to descend through a certain space, leaving a
vacuum at the top of the tube, but resting with its surface
at a height of about 29.ar 30 inches above the surface of
the mercury in the cup.

It thus appears that the atmospheric pressure, acting
on the surface of the morcury in the cup, and transmitted,
a8 we have shewn that such pressures must be transmitted,
supports the column.of mercury in the tube, and provides
us with the means of directly measuring the amount of the
atmospheric pressure,

In fact, the weight of the column of mercury in the
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tube above the surface in the cup, is exactly equivalent to
the atmospheric pressure on an area equal to that of the
gecc;ion of the tube. This is about 15lbs. on a square
m ]

74, Air has weight. This may be directly proved by*
weighing a flask filled with air; and afterwards weighing
it, when the air has been withdrawn by means of an air-
pump. The difference of the weights is the weight of the,
air contained by the flask,

We are now in a position to account for the fact of at-
mospheric pressure. The earth is surrounded by a quan-
tity of air, the height of which is limited, as may be proved
by dynamical and other considerations; and if, above any
horizontal area, we suppose a cylindrical column extending
to the surface of the atmosphere, the weight of the column
ofair must be entirely supported by the horizontal area
upon which it rests, and the pressure upon the area is
therefore equal to the weight of the column of air.

According to this theory the pressure of the air must
diminish as the height above the earth’s surface increases,
and, from experiments in balloons, and in mountain ascents,
this is.found to be the case. As befote, taking II for the
pressure at any given place, and p as the density of the
air, the pressuro at a height z will be

I ~gpz,
if we assume that the density of tho air is sensibly the
same through the height z.

75. It has been mentioned that the pressure of a gas de-

pends chiefly upon its volume and temperature, but it is implied

- in that statement that the gas is confined within a limited space,

for without such a restriction the effect of its clasticity might
be the unlimited expansion and ultimate dispersion of the gas.

The action of gravity is equivalent to the effect of a com-
pression of the gas, and it is thus seen that the pressure of a
gas is in fact due to its weight, as in the case of a liquid.

76. It may be shewn in the same manner as for air
that any other gas has weight, and that the intrinsic weight
is in general different for different gases.
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Carbonic acid gas, for instance, is heavier than air,
and this is illustrated by the fact that it can be poured, as
if it were liquid, from one Jjar to another.

The Baromeler.

)7, This instrument, which is employed for measuring
the g)ressure of the atmosphere, consists of &
bent tube 4.BC, closed at 4, and having the
end C open.

The height of the portion 4B is usually
about 32 or 33 inches, and the portion BC
is generally for convenience of much Jarger
diameter than 4B. The tube contains a
quantity of mercury, and the portion 4P
above the mercury is a vacuum,

If the plane of the surface in BC inter-
sect AB in Q, it is clear, since the pressure
at all points of a horizontal plane is the same, q
that the pressure at @ is the same as the at-
mospheric pressure, which is transmitted from
the surface at C to @, and therefore the at-
mospheric pressure supports the column of mercury PQ.
Hence the height of this column is a measure of the at-
mospheric pressure, and if o be the density of mercury, and
O the atmospheric pressure,

O=gaPQ.

The density of mercury diminishés with an increase of
temperature, and it is an experimental result that, for an
increase of 1° centigrade, the cxpansion of mercury is

5——5150 , or .00018018 of its volume; and therefore if o, be

the density at & temperature ¢, and o, at a temperature 0°,
oo =0,(1+.00018018¢),
or, if §=.00018018, o,=0: (1 +82);
and .\, O=go,.PQ=gcy,(1-6¢) PQ. Y
. 78. The average height of the barometric column at
the level of the sea is found to vary with the Jatitude, but
it is generally between 294 and 30 inches, This height is
however subject to continuous variations; during any one
day there is an oscillation in the column, and the mean

1 CEV TSR CRFLINV T ST PERTE RN L. LTV
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height for one day is itsclf subject to an annual oscilla-
tion, independently of irregular and rapid oscillations due
to high winds and stormy weather. Usually the height of
the column is a maximum about 9 in the morning; it then
descends until 3 p.M., and again attains a maximum at 9 in
the evening.

79. The Water Barometer. Any kind of liguid will
serve to measure the atmospheric pressure, but the t

dmean@i@lsggﬂ_fgL e
%xm. If water were employed, it woul TIeCessary

have a tube of groat length; in fact, as the density of
mercury is about ¥8.568 times that of water, the. height of
the column of water would be about 33 feet.
0. Graduation of the Barometer. Suppose the co-
lumn of mercury to rise abovo P (fig. Art. 77); then it is
clear that it descends below € in BC, and that the vari-
ation in the hoight of the column is the sum of these t
changes, .

Let %, K be the sectional areas of the tubes, and & the
ascent above P, or the apparent variation; then the de-

scent below C'is ljz,’, and the true variation is

kx [AY
a:+K, or(l +K)z.

Hence in graduation tho distances actually measured
from the zcro point must be marked larger in the ratio of

k
} 1+ f : L

8l. To find the atimospheric pressure on a squars
inch.

This we can determine at once by observing that it is
the weight of a cylindrical column of mercury of which
the base is a square inch and the height equal to that of
the barometric column.

The specific gravity of mercury is 13.56S times that of
water; hence the atmospheric pressure on a square inch,
taking 30 inches as the height of the barometer at the sea

level,
=30 x 13.568 x 1000+ 1728 oz.
=14.71bs.
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This pressure varies from time to time, but is generally
between 14} and 151bs,,

82. The height of the homogeneous atmosphere.

If the density of the atmosphere were the same through-
out the whole vertical column as it is at the sea level, its
height would be less than 5 miles.

To prove this, let o, p be the densities of mercury and
of air, each referred to water; then, if 2 be the height of
the barometer, the atmospheric pressure=goh. Hence

the height of the atmospheric column weuld be ‘; h. Now,
it has been found that the ratio ¢ : p is about 10462 : 1,

_and if we take A to be 30 inches, we shall find that This
a little less thun 5 miles. ’ g

Ml 3. The pressure of a given quantity of air, at a
'given temperature, varies inversely as the space it oc-
cupies.

_ The experimental proof of this law, due to Boyle and
» Marriotte, is as follows.

A bent glass tube, the shorter branch of which can
have its end closed, is fixed to a gra-
duated stand. Both ends being open, \ B
a little mercury is poured in, which
rests with its surfaces P, P in the
same horizontal plane. The end 4 is eeee- HR
now closed and morc mercury is poured
in at B; tho effect is a compression
of the air in 4.2, the mercury rising
to a height @, which is however below
the surface 2 of the mercury in BP.

After closing the end 4 the pres-
sure of the air is equal to the atmo-
spheric pressure, and when more mer-
cury has been poured in, the pressure
of the air in 4@ is equal to that of
the mercury at @, the same level in
the longer branch. This latter pres-
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sure is due to the atmospheric pressure on the surface R,
and the weight of the column RQ.

If now the spaces .4Q, 4P be compared, which may
be effected by comparing the weights of the mercury they
would contain, and if the height 4 of the barometer be
observed, it will be found that

spacc AP L+ QR
space 4Q A"
But, taking IT as tho original pressure of the air in
AP, and I as its pressurc when compressed,
O-=goh, nd I' =1+ goRQ=go (h+ RQ);
I ¢ X0 :: space AP : space AQ,
and this proves the law for a compression of air.
! For a dilatation, employ a bent glass tube, of which
both branches are long, and pour in mer- A
cury to a height P; then close the end \ j )
A and withdraw some of the mercury P
from the branch 2; let @ and 2 be the
rew surfaces.

1t will now be found that
space AP _ - QR Qs

N
31

space 4Q = 4 ’
But if 7 be the pressure of the air
when dilated, R

I” =prossure at X—gocQR k! 3
=go (h—QR); S/
And .. II” : II : spacec AP : space AQ.

In each case ecare must be taken to have the tem-
peraturcs the same at the beginning and at the conclusion
of the oxperiment.

Hence it follows that, since the density of a given
quantity of air varies inversely as its volume, the pressure
varies directly as the density. If » be the pressure, and
p the density, this is expressed by the equation,

Lep =kp, . \
where % is a quantity to be determined by experiment.

PHSOET OO 300




78 . Density and Temperature.
. ‘84, Effect of a change of temperature.

If the pressure remain constant, an increase of lem-
perature of 1° centigrade, producss in a given mass of
air an expansion 003665 of its volumae. .

_ This experimental law, combined with the preceding,
enables us to express the relation between the pressure,
deﬁty, and temperature of a given mass of air d'i' gas.

Imsagine a quantity of air confined in a cylinder by
a piston to which a given force is applied, and let the

temperature be 0° C. Raise the temperature to ¢°: the
piston will then be forced out until the original volume
(V,) is increased by .003665¢. ¥, or a ¢V, designating the
decimal by a. If ¥ be'The new volume, we have

- V=V,(1+at),

and therefore, if p, p, be the densitics at the tempera-
,tures 2, 0°% py=p (1 +a?).
- Hence, p=kpy=kp (1 +at).
ot - e

85. Absolute Temperature.
If we can imagino the temperature of a gas lowered™
until its pressure vanishes, without any change of volume,
_ we arrive at what is called the absolute zero of tempe-
“rature. :
Assuming £, to be this temperature on the centigrade
scale, we have 1+aty=0,
or . t,=—273"
In Fahrenheit's scale this is —459°
Hence p=xp(l+at)=rpa(t—to)=xpaZ,
if 7" be the absolute temperature.
Taking 7 as the volume of the gas, p 7 is constant, and

therefore%;f is constant; i.e. the product of the pressurs
and volumae is proportienal to the absolute temperature.
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The air Thermometer is a long straight tube of uniform bore
closed at its lower end, opén at the upper end, and conhuung
air or some other gas, "whih i is lepmted from the external air
by a short column of liquid.

This’thermometer is very sensitive, but it has the disadvan-
tage that, as the atmospherio pressure is variable, no estima-
tion can be made of the temperature without at the same time
taking account of the height of the barometer*.

86. Ifustration. The effect of heat in the expansion
of air may be illustrated by a simple experiment.

Take a glass tube, open at one

end, and ending in a bulb.at the
other; immerse the open end in
water, and then apply the heat of
a lamp to the bulb, The air in the
bulb will expand, and will drive out
a portion of the water in the tube.

If the lamp be removed, the 3
air within will be cooled, and tho
water will then rise in the tube.

87. Determination of heights by the barometer.

1t is found both from theory and from observation,
that the height of the barometric column depends on its
altitude above the sea level, and we are thus provided
with a means of directly inferring from observation the
height of any given station above the level of the sea.

For this purpose it is necessary to construct a formula
which shall connect the height of the barometer with the
height of its position above a given level, such as the sen
level.

A general formula would be somewhat complicated,
and difficult to obtain without the aid of the Integral
Calculus, since the atmospheric pressure depends on the
temperature and density of the air, which both vary with
the height, and also on the intensity of gravity, which
diminishes with an increaso of height.

‘Wo shall however construct a formula on the suppo-
sition that the temperature and the force of gravity re-

* See Chapter II. of Maxwell's Heat.
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maain constant: this will be practically useful «for tﬂe
det?irmimtion of comparatively small differences of al-
titude.

WS, I a series of heights be taken in arithmatic pro-
gression, the densitics of the air decrease in geometric
progression,

Take a vertical column of the atmosphere of a given
height 2, and lot it be divided into n horizontal layers of

the same thickness, i.e. s , and suppose that py, pg, ps...p.

represent the densities of the successive layers, measuring
upwards.

These layers may be supposed each of the samo density.
throughout, and, if we take the temperature the same
in all, the pressures on the upper sides of the layers
will be

kpy, Epy. - Jopy,
k being the constant of variation for the particular ten.-
perature.

The difference betwcen any two consccutive pressures
must be equal to the weight of the air between thom, and

therefore, taking the r —1]" and 7* pressures,
pr,—l—kp,=gp~.i: ’

or kppy = (’0 jy‘;',) Prs
SPro1_q,9%
et L+
that is, the densities diminish in geometric progression.

"1 89. Tofind an expression for the dyference of the
ltitudes of two stations.

If z be this difference, we have from the preceding
article, putting y for

9z
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and p, for the dénsity immediately beneath the lowest
layer of air,

P 1=YPnr Pu-3=YPa-1---P1=VP2; Po= ‘qu
and therefore, Po=7"Pn ? )
Hence, if ', p be the corresponding pressures
p=7p.

Let ', & be the observed altitudes of the barometer
at the higher and lower stations respectively.

@ _l'- o - Qf "
Then W —p,—'y —(l +lm) .
And log. %,:nlog (11%‘%)

=n (9% L 1072

=m\int2imt e )

= (97 4 10%°
_(/a- 2L’u+'" .

Now the larger we make n, the more nearly gur hy-
pothetical case approaches to the qontinuous variation of
tho actual density of the air, and by taking n very large,
we obtain the approximate expression,

z—kl Ly
=g 08 72
observing that A’ is less than 5, and that the temperature

and the force of gravity are supposed constant throughout
the height 2.

The Siphon.

90. The action of & siphon is an important practical
illustration of atmospheric pressure.

It is simply a bent tube 4BC, which is open at both
ends. When filled with water, the ends are closed and
the siphon is then inverted, and one end C placed in water,
the other end 4 being below the surface of the water.

B.E. H. 6
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If the end O be opened, it is clear that the pressure at
4 is greater than the pressure at @, which is equal to the
pressure at P, and therefore to ihe atmospheric pressure,

"B

"% Herico, if the end 4 be unclosed, the water at 4 will
, begin to flow out, and by so doing diminish the pressure
in the tube, and tend to form a vacuum in the upper por-
tion of the tube. But if the height of B above the surface
‘of ‘the water be less than the height /4 of the water-
jparometer, the atmospheric pressure will forq the water
p the tube, and maintain a continuous flow through the
end A4, until either the surface has fallen below C, or, if
the siphon be long enough, until it has descended so far
t its depth below B is greater than A. -

W, 91, Methods of filling and graduating a Thermo-
\ meler.

s.gaTo fill the Thermometer with mercury 2 paper funnel
is fastened to the open end, and mercury poured into it;
pghe bulb is then heated over a spirit-lamp, a portion of the
ir in the tube is thereby expelled, aud if the bulb be
%led the mercury descends in the tube. This process is
srepeated until the air is completely expelled, and when
the tube i8 quite full and the mercury overflowing, the
upper end is hermetically sealed by means of a blow-pipe;
during the subsequent cooling the mercury contracts-and
descends, leaving the vacuum at the top of the tube*.

The freezing and boiling points are now to be deter-
mined. ;
The freezing point is obtained by immersing the bulb
and the lower portion of the tube in melting snow, and
# This so-called vacuum is filled with the vapour of mercury.
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'marking the tube outside at the end of the mercurial
column,

The boiling point is qbtained by immersing the bulb
in the vapour of water boiling under a given ‘atmosphefic
pressure, and marking the tube as before.

The temperature of steam depends on the atmospheric
pressure, and it is therefore nocessary to fix on seme
standard pressure, and to define the boiling point as the
temperature of steam at that pressure. A barbmetric
column of 30 inches at the level of the sea is ‘the usual
standard.

For the Centigrade Thermometer, the boiling peint
100°, is the temperature of steam when the height of the
barometric column is 29.9218 inches at the level of the sea
in latitude 45°

For some time after boiling the height of the mercury at
the freezing temperature is gradually increased, and it has been
found that it takes 4 or 5 years for the zero to attain its per-
manent position after boiling.

92. Use of the Mercurial Thermometer limited.

Mercury freezes at a temperature of —40° C, and boils
at a temporature of kbout 350° C; it is therefore nacessary
for very high or very low temperatuves to employ different
substances. :

For very low temperatures spirit of wine is used,and
this liquid is{generally employed in the construction of
minimum Thérmometers. ,

High temperatures are > pared by observing the ex-
pansion of bars of metal oriother solid substances, and
various instruments, called pyrometers, have been con-

" structed for this purpose.

93. The Differential Thermometer is constructed in
two different forms. In one form, of which the figure is a
section, a horizontal tube branches upwards into two short
vertical tubes ending in bulbs of equal size. .

These bulbs contain air, and in the horizontal tube is
a small portion of some coloured liquid, by which the air
in one bulb is separated from the air in the other. The

6—2
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quantities of air are equal, so that when the bulbs have
the same temperature the bubble of liquid rests at the

middle of the tube: if however the temperatures bo dif-
ferent, the liquid will rest in a position nearer to the bulb
of lower temperature than to the other, since the air-
pressure within it will be less than that in'the other.

In the other form of the differential thermometer, the
vertical portions, 4, B, of the tube extend to a much
greater height, and the liquid fills the whole of the hori-
zontal portion of the tube, and also partly fills the vertical
portion of the tube.

The principle of the construction is the same, and the
difference consists in the graduation of the vertical por-
tions, instead of the horizontal portion of the tube.

On account of their great sensibility these thermo-
meters are extremely useful in detegting small differences
of temperature.

In graduating the second of these instruments, allow-
ance must be made for the weight of the liquid, which is
"contained in the vertical tubes.

94, Ex. 1. The same quantities of atmospheric air are con-
tained in two hollow spheres; the internal radii being r, v’ and
the temperatures t, ¥ respectively, compare the whole pressures on
the surfaces.

Taking p, ¢’ as the densities, we have, since the masses are
equal, and the volumes in the ratio of #* ; g,

m=prs



Examples.
If p, ¢’ be the corresponding pressures,

=kp(L+at), p'=k (1+at),
and the pressures on the surfaces are

85

4wr®p, and dv'%p,
which are in the ratio
rp(L+af) 1 3 (L+at),

or? (1+at) : r(1+at).

Ex 2. A hollow cylinder, open at the top, i inveried, and

partly wmmersed in water, i 8 required to find the height of the
surface of the water withwn the cylinder.

‘n
|
!

)
Tuke b for the length of the cylin&er, and a for the length
not immetsed.

Let 2 be the depth of the surface within below the surface
without, II, I’ the pre#sures of the atmosphetic air and of the
compressed arr in L'C.

Then IV : II : b : ata, Art. 83,

and IT'= pressure of the water at the level C=1II +gpz;
 M+gpz_ B

I ataz
If & be the height of the water-barometer, Il=gph, and
htx b
A a+z’

or B+ (a+Mx=(b~a)k



86 Ezamples.

This equation gives two values for z, one positive and the
other negative, the positive value being the one which belongs
to the problem before us. The negative value is the result of
another problem, the algebraical statement of which leads to the
same quadratic equation.

Ex. 3. A small quantity of air s left in the upper part of
a baromeer-tube; it is required to determine the cffect on the
height of the column,

Let a be the length of the upper part of the tube which the
air would oocupy if its density were the same as that of the
external air, and x thé space it actually occupies, when the
height of a true barometer 18 A.

If II be the pressure of the external air, and I of the air in
the space , -

a

o
Let &’ be the height of the faulty barometer, then
O=gok, and IT'+gok'=1I;
h-} a
o% ~W =z ).

The column is therefore depgessed 1—: inches,

Hence, if a@ be known, and A’ and = b observed, the height of
a true barometer can be inferred.

If a be unknown, it can be found from the equation (1) by
taking simultaneous observations of %/, z, and the height 4 of a
true barometer.

EXAMINATION ON CHAPTER V.

1. WHAT is the effect of heat on the elastic force of air or
gas?

9, T Fahrenheit’s Thermometer md¥ 409 what are the
corresponding marks of Reaumur's and the Centigrade |
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Ms. Describe & method of shewing that air is a ponderable
y.

4. When the mercurial barometer stands at 80 inches,

whe is the height of, the h$meier formed of a liquid of which
the specific gravity is 5.6 ¢ q

5. The air contained in a cubical vessel, the edge of which
in one foot, is compressed into a cubical vessel of which the edge
is one inch; compare the pressures on a sidp of gach vessel.

6. State the relation between the pressure, density, and
temperature of a gas.

WThe air in a spherical globe, one foot in diameter, is com-
pressed into another globe, 6 inches in diameter, and the tem-
perature is raised by t°; compare the pressures of the air under
the two conditions. Also compare the pressures on the surfaces
of the globes.

V7. Describe the siphon and ite action. What would be the
cffect of moking a small aperture at the highest point of &
sphon? uty .. de v Ty W D

8. Eaplain how the boiling point in a thermometer is de-
fined.

9. If a barometer be held in a position not vertical, what
would be the effect on the length of the column of mercury?t

v10. If the sum of the réadings,on Fahrenhew’s and the
centigrade thexmometer be zero for the same temperature, find
the reading of each thermometer.

vil. At the top of a mountain the barometer stands at 25
inches; what would b8 the effect on the action of a siphon car-
ried to the top? 25 )M dluyuvae Musrs wlt why M oo o

12. A siphon is filled with mercury, and held with its legs
pointing downwards, and the ends closed; what will be the
effect of opemng the ends, 1st, when they are, and 2ndly, when
they are not, in the same horizontal plane }

18. A oylindrical vessel contains water; how will a change
in the height of the barometer affect the pressures on the base
and curved surfaces of the cylinder, and to what extent

14. A block of wood weighs, in air, exactly the same as a
block of iron ; whig) is really the heavier? +»

15, Examine the effecty of making, & small apertyre, lst,
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in the longer branch, 2ndly, in the shorter branoh of the tube of
& barometer

16. Explain the uses, lst, of the small hole which is made
in the lid of a teapot, 2ndly, of a ygpi-peg.

¥17. Supposing the air half exhausted in a pair of Magde-
burgh hemispheres, 14ft. in diameter, find the force required
to separate them, taking 15 lbs, as the atmospheric pressure on

& square inch. .

18. If a piece of glass float in the mercury within a baro-
meter, will the mercury stand higher or lower in consequence ?

19. Will any change in the action of a siphon be in any
case coincideat with a fall in the barometer ?

+20. A weight, suspended by a string from a fixed point, is
partially immersed in water; will the tension of the string be
increased or diminished as the barometer rises} ™ ' ' <"v

< 21, A bladder jth filled with atmospheric air iv placed
under the receiver of an air-pump; the capacity of the receiver
being twice that of the barrel. Shew that it will be fully dis-
tended before the completion of the 6th stroke. .

NOTES ON CHAPTER V.

Thermometers were first constructed about the end of the
sixteenth century, but the name of the inventor is not certainly
known.

The various scales were formed in the early part of the 18th
century ; Fahrenheit's in 1714, at Dantzic; Reaumur's in 1731;
and the Centigrade by Celsius, & Swede, somewhat later.

The Aneroid Barometer. This instrument was invented by
Vidi, and is exceedingly useful in mountain ascents on account
of its small size and weight. Its construction depends on the
varying effect of the atmospheric pressure on a thin metallic
plate closing an exhausted chamber, A small metallio chamber,
cylindrical in form, about an inch in height, and 2 or 8 inches
in diameter, and closed by an elastic metal plate, is exhausted ;
this is placed in a larger cylinder and the top of the elastic
plate is connected by a system of levers with the hand of a
graduated dial-face, so that any slight change of elevation or
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depression at the ceatre of the metallic plate is magnified and
rendered vieible by the motion of the hand,

fBourdon’s Metallic Barometer, invented in 1850, is another
instrumeént of & similar kind*, ~

It consists of an elastic flattened tube, ABC, of metal, ex-
B

A c

hausted of air, and bent very nearly into a circular form; the
middle part B is fixed and the rest of the tube is free. The
section of the tube is like an ellipse, D, and it is found that if
the atmospheric pressure increase, the tube becomes more curved,
and the ends 4, C approach each other; and if it diminish, that
the ends 4, C scparate. Hence if these ends be connected with
the band of a dial-face, the motion of the hand will mark the
changes of atmospheric pressure.

If the tube A BC, instead of being a vacuum, be connected
by a pipe with the boiler of & steam eﬁgme, or with any vessel
containing air or gas, it becomes a very convenient manometer,
(see Art. 114), and is in fact sometimes used for this purpose on
the engines of locomotives.

The Siphon. The general use of the nphon is to transfer
llqmds from one vessel to another without moving either vessel.
It is useful in many other operations, such as draining a flooded

-field; and lately large siphons, 140 feet in length and 3} feet
in diameter, have been constructed for the purpose of draining
the lands flooded by the inundation which occurred during the
year 1862 on the eastern coast. These siphons were set working
successfully. The Times, Oct. 1, 1862

The Magdeburgh Hemispheres. A pmchcal demonstration of
the fact of atmospheric pressure was given by Otto von Guericke
in 1654, who constructed this apparatus.

* The term Aneroid is sometimes applied to this instrament.
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It consists of two hollow hemispheres of brass, ﬁttmg ench
other very acaurately. A tube out of one of the
hemispheres is screwed on the plate of an air-pump,
and, when the two have been fitted together and the
air exhausted, the stop-cock is,turned, the apparatus
removed from the air-pump, and a handle screwed
on. Supposing the diameter of the hemispheres to be
8 or 4 inches, it will be found that a force of from
100 to 1801lbs. will be necessary to separate them.
The inventor employed hemispheres of nearly a foot
in diameter, and shewed that a strain of more than
1500 Ibs. was required to force them asunder,

Taking the diameter as one foot, we can calculate the requi-
site force. The resultant pressure on one hemisphere is equal to
the air-pressure on & circle one foot in diameter, that is, upon
an area of 30w square inches, Making allowance for the fact
that & perfect vacuum cannot be obtained, we may take 14 lbs.
as approximately the pressure on a square inch, and the pressure
is 504w 1bs., or nearly 1583 lbs.

Weight of the Air. Galileo measured the weight of the air
by filling a globe with compressed air, and then weighing the
globe. He employed a syringe to force the air into the globe;
and, in order to find the quantity of air, he placed the globe in
«an inverted glass receiver filled with water, then opened it, and
observed the amount of water displaced.

Torricelli and Pascal, The experiment of Torricelli, de-
scribed in Art. (73), was made in the year 1643, one year after
the death of Galileo, who had' remarked the fact that a pump
would not raise water to a greater height than 32 or 33 feet,
but was unable to account for it. It was reserved for his pupil
and successor, Torricelli, to explain the real cause of the pheno-
menon, and his experiment was repeated and its conmsequences
were extended by Pascal a few years later.

Torricelli shewed that the pressure of the air supports the
column of mieroury in a barometric tube; Pascal demonstrated
that the weight of the air is the cause of the pressure. Amongst
various experiments, Pascal had a water-baremeter constructed,
but his most valuable idea was a suggestion that the heights of
a barometer, at the foot and at the top of a mountain, should
be compared. This was effucted by his friend Perier in 1648,
who ascended the Puy de Dome in Auvergne, and ascertained
the fact of a fall of nearly 4 inches in the barometsr at the top
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of the mountain. The observations were repeated in various
‘ways, on the roofs of houses, and in cellars, and it was thus
rendered clear that the weight of the air is the immediate cause
of the existence of the barometric column.

The two treatises of Pascal, De U'équilibre des liqueurs, et de
la pesanteur de la masse de Pair, contain the theory of the pres-
sure of fluids, and give completo explanations of the actions of
siphons and pumps, and of many common phenomena; the
maimvobject however of these treatises is to demonstrate the un-
philosophical character of the old explanation that the abhor-
rence of nature to & vacuum accounted for the rise of water in
a pump, and that this abhorrence did not exist beyond a rise of
32 feet.

It lppears that Des Cartes was acquainted with the fact that
air has weight, and indeed he made a suggestion that the reason
why water will not rise beyond a certain height is the weight of the
water which counterbalances that of the ar. . |

Balloon Ascents. ‘The fall of the barometer in balloon ascents
is a means of determining the altitude attained.

In a balloon ascent by De Luc, the barometer at the greatest
height stood at 12 inches; but in a late balloon ascent by Mr
Glaisher, the column was seen to descend to less than 10 inchga,
implymng a height of nearly six miles; and it is probable, as the
obscrvations were interrupted by the seyerity of the cold, and
the rarity of the air, that an altitude of more than six miles was
attained. TTe Times, Sept. 9, 1862.

EXAMPLES. *

V1, THE temperature of the air in an extensible spherical en-
velope is gradually raised #, and the envelope is allowed to
expand till its 1adius is » times its original length ; compare the
pressure of the air in the two cases.

2. A volume of air of any magnitude, free from the action_
of force, and of variable temperature, is at rest: if the temper-
atures at a series of points within it be in arithmetical progres-
sion, prove that the densities at these points are in harmdwioal

V8. A given weight of heavy elastic fluid of uniform tem-
perature is confined in a smooth vertical oylinder by a piston of
given weight; shew how to find the volume of the fluid.
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¥4, A mass of air at a temperature # is dontained in a oylin.
der which has an air-tight piston fitting into it, and it is found
t,;t the air exerts a pressure P on the piston: the sir being

?dden.ly compressed into lth of its former volume, and the

tempera.ture changed to ¢, ﬁnd the pressure on the piston.

~ 6. A piston moves freely in a closed air-tight cylinder, the
axis of which is vertical. When the piston is in the middle of
the cylinder, the air above and the air below are of the same
density. Find the position of equilibrium of the piston.

¥8. A vertical closed cylinder is balf filled with water, the
other balf being occupied by air of a given density and tem-
perature; if the temperature bo raised ¢, find the increase of
the whole pressure on the base, and on the curved surfaceqof the
cylinder.

“7. TFind the greatest height over which a liquid of density
pcan be carried by me a siphon when the height of the
barometer is . A* =

'~8. If &, &’ be theshei fs of the surface of the mercury in
the tube of a barometer above the surface of mercury in the
cistern at two different times, compare the densities of the air
at those times, the temperature being supposed unaltered.

¥9, A vertical cylinder, containing air, is closed by a piston,
which is tied by an elastic string fastened to its central point,
and also to the base of the cylinder. If when the piston is in
equilibrinm the string have its natural length, determine the
effect on the length of the string of increasing the temperature
of the air in the cylinder by a given number of degrees.

¥10, If under an exhausted receiver a oylinder sinks to &
depth equal to three-fourths of its axis; find the alteration in
the depth of immersion when the air (specific gravity=.0013) is
admitted.

1, A body is floating in & fluid; a hollow vessel is in-,
verted over it and depressed: what effect will be produced in
Qa position of the body, (1) with reference to the surface of the

uid within'the vessel, (2) with reference to the surface-of the

Wﬂtm]e!

A pipe 15 feet long, closed at the upper extremity, is
placed vertically in a tank of the same hejght; the tank is then
filled with water; shew that, if the beight of the.water-baro-
-meter be 83 feet, 9 inches, the water will rise $ feet, § inches in

. the pipe.
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413. A vessel, in the form of a priem, whose base is a regu-
lar hexagon, is fillsd with air; prove that, if every rectangular
face of the prism be capable of turning freely about its edges,
and the prism be then.compressed so that its base becomes an
equilateral trisngle, the pressure of the air within it will be in-
creaged in the ratio of 3 to 2.

“14. A conical wine-glass is immersed, mouth downwards,
in water; how far must it be depressed in order that the water
within the glass may rise half way up it?

v15. A jar contains water in which a hollow rigid envelope
open at the bottomn and partially filled with air just floats; the
top of the jar is closed by an elastic membrane, and a small
space between it and the water is filled with air; on pressing the
membrane inwards the envelope sinks ; explain this. .

¥16. A barometer is held suspended in a vessel of water by
a string attached to its upper end, so that a portion of the gtring
is immersed ; find the height of the mercury #nd the tensioh of
the string. If more water be poured in 0 veue_ll how ﬂl
the tension of the string be affocted } ¥+~ —f =~ «*-+f~ o Benen

$17. A piston, the weight of which is equal to the atmo.
spheric pressure on one of its ends, is placed in the middle of a
hollow cylinder which it exactly fits, 8o as to leave a length a at
each end filled with atmospheric air, The ends of the cylinder
are then closed, and the cylinder is plpced with its axis inclined
at an angle a to the vertical ; shew that the piston will rest at a

distance @ {(1 +sec? a)& - sec a} from its former position.

J18. A cylinder, open at both ends, is partly immersed in
wader, its axis being vertical ; the upper end is then closed, and
the cylinder is raised until its lower end is very near the surface
of the water outside; find the height to which the water rises
ingide.

v19. Two barometers of the same length and transverse sec-
tion each contain a small quantity of air; their readings at one
time are %, %, and at another time A, ¥’; compare the quantities
of air in them.

20. Taking the figure of Art. 93, determine the positipn of
the bubble when the temperatures of the bulbs are respectively
tand ¢,

21. In-the secand of the differential thermometers, calcu-
late the difference of the altitudes of the liquid in the vertical
tubes when the temperatures of the bulbs are ¢ and ¢,



CHAPTER VI

The Diving Bell, Common Pump, Lifting Pump,
Foreing Pump, Fire Engine, Bramak's Press, Air-
Pumps, Barometer Gauge, Siphon Gauge, Con-
“denser, Manometers, Barker’s Mill, Pieczometer,
Hydraulw Ram, and Steam Engine.

The Diving Bell,

95. HIS is a largo bell-shaped vessel made of iron,

open at the bottom, and containing seats for’
several persons, Its weight is greater than that of the.
water it would contain, and, when lowered hy a chain into’
the water, the air within it is compressed, but will prevent
the water from rising high in the bell, and the persons!
seated within are thus enabled to descend in safoty to,
considerable depths.

‘When the surface of the water within the bell is at a
depth of 33 feet below the outer surface the bell will be.
half filled With water, and the compression of the air
would of course increase with the depth, but the difficulty
arising from this compression is overcome by forcing fresh
air from above through a flexible tube opening under the
mouth of the bell. There are also contrivances for the
. expulsion of the air when rendered impure.

. Tension of the Chain, This is equal to the weight of
the bell diminished by the weight of water displaced by
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the bell and the air within. It is therefore evident that
unless fresh air is forced in from above the tensign.of the

c@'n will increase as the bell descgpds.

96. Supposing the bell cylindrical, and that no air is sup.
plied from above, it is requered to find the hewght to which the water
rises in the bell,

If the bell be partially immersed, we fall upon a case already
considered, Ex. 2, Ch. v.

If the bell be whollv immersed, let & represent the length of

the cylinder, a the depth of its top, and x the length occupied
by air,

The pressure of the air within=1II ;
=Tl+gp (a+2);
and .-, if II=gph,
W=(h+a)z+a, ¢
and as before the positive value of x is the one required.
If A be the area of the top of the bell, and if we neglect its

thickness, the volume of water displaced 18 4z, and the tension
of the chain

=weight of bell - gpd=,
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' The Common Pump.

97. The Pump most commonly in use is 2 Suction-
pump, of which the figure is a vertical
section.

AB, BC are two cylinders having a
common axis, M is a piston moveable D= —]
over the space 4B by means of a ver- /=1—
tical rod, connected with a handle, D “4*AEEE—]
is o spout a little above 4, and C the M
surface of the water in which the lower =
part of the pump is immersed : also in
the piston, and at B, are valves open- =i
ing upwards. =

Action of the Pump. Suppose the Q
piston at B and the pump filled with
ordinary atmospheric air; raising the
piston, the air in BC will open the valve
B, and then, expanding as the piston
rises, its pressure will be less than that
of the atmosphere at C outside the pump; hence the at-
mospheric pressure on the surface of the water outside will
force water up the tube BC, until the pressure at C is
equal to the atmospheric pressure.

As the piston rises the water will rise in BC, the pres-
sure of the air above Af keeping the valve M closed.
‘When the piston descends, the valve B closes, and the air
in MB becoming compressed will open the valve M, and
escape through it. .

This process being repeated, the water will at length
ascend through the yalve B, and at the mext descent of
the piston will be fégced through the valve M and be then
lifted to the spout D, through which it will flow.

~The height BC must be less than the height (%) of the
r?ga.rometer, or clse the water will never rise to the

It is not essential to the construction that there should

two cylinders; a amgle cylinder, with a valve some-

here below the lowest point of the piston-range will be

5!'( a
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sufficient; provided the lowest point of the range be less
than 33 feet above the surface in the reservoir, .

In each case the height above the water in the reservoir
of the piston-range should be considerably less than 33
feet; othorwisé the quantity of water lifted by the piston -
at each stroke will be small. -

In the figure the tubes are represented as straight”
tubes; this is not neccssary to the working of a pump,
and the tube below the piston-range may be of any shape,
and may enter the reservoir at any horizontal distance
from the upper portion of the pump.

98. Tension of the Piston-rod. If the water in BC
has riscn to P when the piston is at M, the pressure II' of
tho air in MP mgpressure of water at P = pressure at
C-gp.PC N

=I-gp.PC.

But if 4 be the area of the piston, the tension of the
rod is the difforonce between the atmospheric pressure
above and the pressure I'd below, ie. (I-II)4, or

gpPC. 4.
If one inch be taken as the ‘unit of length, and % be
the height in inches of the water-barometer, gph =15 lbs.

nearly, and the tension=15 Pi'A Ibs. ,

99. To find the height through which the waler rises during
one stroke of the piston. .

Let P and @ be the surfaces of the water at the beginning
and end of an upward stroke of the piston, that is, while the
piston is raised from B to 4.

The air which at the beginning of the stroke occupied the
space BP occupies at the end of it the space 4Q; but the pres.
sures are respectively, if IL=gph,

gp (h - PC), gp (h-QC).

Hence h—~PC : h-QC :: vol. AQ : vol. BP.

B.E I 7
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If r, Brbe the radii of the oylinders, (Fig. Ast, 97),
vol. AQ=wRUB+#*BQ=xR*AB +7+* (BC-QO0),
vol. BP=xr3BP=a13 (BC - PO),
h-PC _RAB+r(BO- Q0)
. =@~ S @BC-P0) °*
and for any given value of PC this equation determines QC.

100. If the range of the piston be less than A B, as for in-
stance AE, then FC must be less than A.
Moreover, a limitation exists with regard to
the position of E,

For, if P be the surface of the water
when tife piston M is at 4, then as the piston
descends, the valve B will close, but the
valve M will ot be opened until the pressure
of the air in M.B is greater than the atino-
apheric pressure.

‘When M is at A the pressure of the air
=gp (h- P(), and, unless the valve is opened
before M arrives at E, the pressure of the air

in EB = gp(h-—PC');—,g., which must be Pl

greater than gph, and therefore 4. AF must
be greater than AB . PC. Hence, to ensure
the opening of the valve while the surface is
below B, we must have

h.AE>AB. BC;

l.e. AE must be at least the same fraction of 4B that BC is
of A.

This condition, although in all cases necessary, may not be
sufficient.

For, suppose that when M is at 4, the surface of tho water
is at @, in which case the pressure of the air in 4Q@=gp (A - QC).

‘When the piston descends to X, the pressure in £@
A

| =0 (-G 5or

. whioh must be greater than gph,

. and .. h,4E> 4Q. QC.

wo o pll

C2
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The grestest value of 4Q. Qan%.w', and .. we must
have ’ ’
h.AE > %AO’.

Since  4C* > AB . B0, usless B is the middle point of 40,

it follows that this latter condition includes the preceding, which
is therefore mn general insufficient.

These conditions must be also satisfied in the case of the
pump with a single cylinder.

101. ZTension of the rod when the pump ie in full action.

In the figure of the previous Article, let CD=Fk; then it
will be seen that, at each stroke, the volume DE of water is
lifted, and therefore the tension of the rod when the piston is
ascending will be gpd (k+ ED) until the water begins to flow
through the spout.

- If A be on a level with the spout, all the water lifted will
be discharged, and, as the piston descends, the tension of the rod
will be gpdk.

The Lifting P,ump.

102. By means of this instrument, water can be Zifted
to any.height. 1t consists of two
cylinders, in the upper of which &
piston M is moveable ; the piston-rod
works through an air-tight collar, and
a valve opens outwards at D leading
into a vertical tube. 'When the piston
ascends, lifting water, the valve D
opens and water ascends in the tube;
when the piston descends the valve D
closes, and every successive stroke in-
creases the quantity of water in the
tube. The only limitation to the height
to which water can be lifted is that
which depends on the strength of the
mstrument, and the power by which
the piston is raised.
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. Tension of the rod. It CK=F the piston lifts the volume
BK at each stroke, and, as the air is expelled before the ma-
chine is in full action, the tension=2gp4 . KB, until the water is
lifted to the valve .D. The power a.pphed to the piston-rod
must be then increased until the pressure of the water opens the
valve D,:that is, until the pressure=gp (k+ FD), F being the
surface of the water in the tube, The water will then be forced
up the tube, the tension of the rod increasing as the surface
ascends,

The Forcing i’ump

- 103. In this pump the piston 2 i8 solid, and ranges
overthespweAE At B and D are
valves opening upwards, DF being a
tube leading out of 4.8.

‘When this pump is first set in action,
it works as a common pump, the air
at each descent of the piston being
driven through D, and the water rising
in BC. When however the water has
risen through B, the piston, descend-
ing, forces it through D, and when the
piston ascends, the valve D closes and
more water  rises through B. The
next descent forces more water through
D, and it is obvious that water can be =
thus forced upwards to any helght
consistent with the strength of the instrument.

The stream which flows from the top of the tube will
be intermittent, but a continuous
stream can be obtained by cmploying
a strong air-vessel DL, out of which
the vertical tube passes upwards.
The air in the upper part of the ves-
sel is condensed, and exerts a vary-
ing, but continuous pressure on the
surface of the water within the ves- |
sel, and if the size of the vessel be |
suitable to that of the pump, and to
the rate of working it, the air pres-
sure will not have lost its force be-
fore a new compression is applied to
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it, and thus a continuous, although varying, vertical flow
will be maintained.

. The Fire Engine.
104. The Fire Engine is only a modification of the
Forcing-pump with an air-vessel, as just describeds

M

|

Two cylinders are connected with the air-vossel, and
the pistons are worked by means of a lever GEG', so that
while one ascends the other descends. The vertical tube
out of the air-vessel has a flexible tube of leather attached
to it, by means of which tho stream can be thrown in any
direction.

Bramah’s Priss.

105. This instrument is a practical application of the
principle of the transmission of flui

In the figure, which represents a vertical section of
the instrument; A_and C are two_solid cylinders wor) ng
in air-tight ; EB and FD are strong hollow cylinders
connccted by a pipe BD; at B is a valve opening inwards,
and at D a valve opening upwards, a pipe from 2) commu-
nicating with a reservoir of water. M is a moveable plat-
form, ot which tho substance to be pressed is placed, and
XN is the top of a strong frame; HKL is the lover working
the cylinder C, I being the fulerum, and Z the handle.

Action of the Press. Suppose the spaces EB, FD
filled with water, and C in its lowest position; on raising
C, the atmospheric pressuro forces water from the reser-
voir into D, and when C is afterwards forced down, the
valve D closes, the valve B is opened, a portion of the
water in FD is driven into £B, and the cylinder 4 is
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DY
then made to ascend. A continued repetition of this Pro?
cess will produce nuy required compression of the substance
betwegn.lltnj'Ni )

At G there is a plug which can be unscrewed when the
compreasion i8 completed.

The Force produced. If P bo the power applied at
tho handle Z, tho force on €' downwards is P 22 Lot

7, £ be the radii of the cylinders C and 4, and p the
pressure of the water,
HL

HL R?
and thopmmreonAer’p:Pﬁ.'—,-. .

It is obvious that by increasing the ratio of R to r, any
amonnt of pressure may be produced.

‘We have taken for granted in describing the action of

press that the cylinders at first were full of water. If

is not the case the water will be pumped up from

reservoir by the action of the cylinder C, and whatever

"air there may be within will be compressed until its pres-
sureis the same as that of the water.
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Presses of thia kind ‘were employed in lifting into its
place the Britannia Bridge over the Menai Straits. ,

106. The portion C of the instrument is sometimes
called a Plunger Pols Pump, and an important part of
. the machine 1 the construction of the water-tight collars
at E and F, as without these water under great pressure

would force its way between the pole and the hollow
cylinder in which it works.

A circular aperture D is made in the side of the
cylinder, and a piece of leather is
doubled over a metal ring within it.
The figure is a vertical section of
the cylinder and collar, and it will
be segn that the water pressing on
the undersflle of the leather keeps
it in close contact with the side of
the cylinder, and the greater the
pressure the closer the contact, so
that no escape of water can possibly
take place, unless the leather be torn,

Hawksbee's Air-Pump.

107. Two cylinders, 4B, A'é’, are connected by pipes
leading from B and B’ through
C with a receiver. Pistons
MM are worked in the cy-

linders by means of a toothed 19 \§:
wheel, and at B, 5’ and in the ' =
pistons are valves opening up- [ Vs

wards. Ty

Suppose M at its highest
and M’ at its lowest position, g
and turn the wheol so that M
descends and M’ ascends; the
valve B closes and the air in
MB being compressed flows
through the valve M, while .
the valve 2" closes, and air o
from the receiver flows through

B into M'B', ¢
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When the wheel is turned and M’ descends, the valve
B closes and the air in M'B flows through A, while
the valve M closes and air from the receiver flows.through
B. At every stroke of the piston a portion of the air in
the receiver is withdrawn, and it is evident that a degree
of exhaustion may be thus obtained, limited only by the
weight of the valves which must be lifted by the pressure
of the air beneath.

Let 4 be the volume of the receiver, and B of either
cylinder; p the density of atmospheric air and p;, pg,...ps
the densities in the receiver after 1, 2,...n descents of th
pistons, '

After the first stroke the air which occupied the space
A will occupy the space 4 + B, and therefore

' p(d+B)=pd,
similarly p, (4 +B)=p, 4 ;
< ps(d+ Bf=pd’,
and after n strokes
pu(4+B)*=pA".

Hence if I be the pressure of the air in the receiver

after n strokes, and II of the atmospheric air,

a. 4

T=t=(11p)

In working the instrument, the force required is that
which will overcome the friction, together with the differ-
ence of the pressures on the under surfaces of the pistons,
the pressures on their upper surfaces being the same.

It will be seen that a perfect vacuum cannot be ob-
tained by this instrument, but, since the density decreases
in geometric progression as the number of strokes in-
creases, a very large proportion of the air can be with-
drawn if the instrument be constructed with sufficient
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Smeaton’s Air-Pump.

,,. 88, This instrument consists of a cylinder 4B in
which a piston is worked by & rod passing through an air-
tight collar at the top; a tube from B leads into a glass
receiver C, and at 4 and B, and in the piston there are
valves opening upwards’

N
B | —————]

Supposing the receiver and cylinder to be filled with
atmospheric air, and the piston at JB; raising the piston,
the air in 4 is compressed, opens tho valye 4, and flows
out through it, while at the same time a portion of the air
in C-flows through the valve B, so that whon tho piston
arrives at .4, the air which at first occupied C now fills
both the receiver and the cylinder. When the piston de-
scends, the valves B and A4 close and the valve M opens;
the air in 4B passes above the piston, and as the piston
rises is forced through 4, which is opened as soon as the
pressure in M becomes greater than the atmospheric pres-
sure. Thus at every stroke a portion of the air in the
receiver is forced out through 4.

If o be the density of atmospheric air, p, the densily
in the receiver after % strokes of the piston, and 4, B the
volumes of the receiver and cylinder respectively, then, as
in the previous article, )

pu(d +B)'=pA" &
observing that the volume of the connecting tube is neg-
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An advantage of this instrument is that, the upper end

the cylinder being closed, when the piston descends,
the valve A is closed by the external pressure, and the
valve M is then opened easily by the air beneath. More-
over, the labour of working is diminished by the removal,
during the greater part of the stroke, of the atmospheric
pressure on M, which is only exerted while the valve 4 is
open during the latter part of the ascent of the piston.

A greater degree of exhaustion may be obtained by
making the B aperture in the side of
the cylinder without a valve, and work-
ing the piston, a solid one with or without ‘.i‘-—
a valve, below the aperture B. The
Iimitation arising from the weight of the
valve at B is thus removed, and the only
limitations left are those which arise
from the weight of the valve at 4, and

the exact fitting of the piston and re- Fé
ceiver. ‘ B

The Barometer Gauge.

109. The density of the air in the receiver of an air-
pump at any moment is shewn by
this instrument.

It is simply a barometric tube,
the upper end of which communi-
cates with the receiver, while the
lower end is immersed in a cup of
mercury, so that, as the pressure
_in the receiver diminishes, the mer-
cury will rise in the tube.

If z be the altitude, PQ, of the
mercury in the gauge, and % the
height of the barometer, the pres-
sure of the air in the receiver=gok—goz, if o be the
density of mercury.

Hence the density in the receiver is to the density of
-atmospheric air :: A—2 : A.

o -1t is important to use this gauge for experiments re-
.quiring strict accuracy, but for less important experiments
8 siphon-gauge may be used,
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The Siphon Gauge.

107

110. This is a glass tube ABCD, the end D of which

can be screwed on a pipe communicating
with the receiver.

The end 4 is closed and the portion 4B
completely filled with mercury, which also
fills a small part BP of BC.

If AP be not more than 28 inches in
length, tho tube 4B will at first remain
completely filled, but as the cxhaustion pro-
coeds, the mercury will sink in 48 and rise
in BC, and if at any time 2 be the difference
of the heights in 4B and BC, gox will be the
pressure in the receiver, and the density will

therefore bo p ;f:

The Condenser.

111. This instrument is employed in the comppt?ssi;n

of air.

A hollow cylinder 4.2 has oneend
scroewed into the neck of a strong
receiver C; at B is a valve opening
inwards, and a piston M also has a
valve opening inwards.

Suppose the cylinder and receiver
filled with atmospheric air and tho M
piston to be at 4; forcing the piston
down, the air in M is compressed,
and, opening the xalve B, is forced
into the recciver. When the piston
is drawn back, the valve B is closed
by the air in the receiver, and the
valve M is opened by the outer air
which flows in and fills the cylinder:
this air is forced into the receiver at
the next stroke, and at every suc-
ceeding stroke the same quantity of
air is added to the receiver.

o]

Li’.)
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After n strokes, the volume of air of density p, forced
into the receiver; is 4 +nB, A4 being the volume of the
receiver and B of the cylinder; hence, if p, be its density,

PnA =p (A +nB),
. Pa_y.nB

Gauge of a Condenser. A glass tube 4B, closed at
the end B, and connccted with the coudenser at the end

l D
c D B

A4 contains atmospheric air in the portion BC, which is
separated from the air in the condenser by a drop of mer-
cury at C. As the condensation proceeds, the drop of
mercury is forced towards B, until the density in BC is
the same as the density in the condenser. Thus when the

mercury is at D the density=pg-g.

Manometer.
*112. The term manometer is applicd to any instru-
ment for measuring the pressure of NA

condensed air or gas of any kind,
when its clastic force is greater than
that of the atmosphere. The gauge
of a condenser, for instance, is a ma-
nometer. The term however is some-
times applied to any instrument, such
as the barometer-gauge, for mea-
suring the clastic force of air or gas PL
under any circumstances. i

The annexed figure represcnts a
manometer, the principle of which is
nearly the same as that of the gauge
of & condenser.

AB is a vertical glass tube, closed
at the ond 4 and containing dry air
in_the part 4P; the tube endsin a
strong bulb B containing mercury,
and from this bulb a tube BC pro-
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coeds, leading to the vessel which contains the condensed
air or gas, When tho air in the tube C is ordinary
atmospheric air at a gnven pressure, the mercury stands
at the same level CC’ in both tubes, but when the tube
BC is connected with air or gus at a lngher pressure
the mercury rises in €’4, compressing the air above it,
until the pressure in P4 is equal to the pressure in EC
diminished by the pressure due to the colummn PE’ of

mercury.

113. To find the relation between the pressure to be measured
and the keight of the mercury.

Let II' represent the pressure in £C, and IT” the pressure in
P4;

Ao’ L/ 13 ’
then l'I”=II.;4~1-J , and II” +go PE'=11';

AC
ar'

Let %, K be the sectional arcas of the tabes 4", CE;

. '=gr.PE+ 11—

-~ if PO'=2, CE F?I?’

and II'=gox (1 -|-1£{) +I a—:‘where a=A40C,

or if H=goh, II'=gol/, '

¥ _=z
= (1+X)-

This equation gives the ratio of the pressure required to ‘the
atmospheric pressure.

'I'ile graduation of the instrument depends on the solition of
the equation ; thus, making 4’=2k, 3k, &c., the successive proper
values of & mark the altitudes for pressures of 2, 8,... atmo-

spheres.

114. The Siphon Manomeier is a long glass tube
ABC, open at the end 4, and communicating at the end C
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with the gas or vapour, the pressure of

which is to be measured. A
The tube contains mercury, and the

height of the mercury in 4B above its

equilibrium level measures the excess of

the pressure in the part BC of the tube

above the atmospheric pressure. .

Then if the mercury ascend to P in P
AB,and descend to £ in CB, CC’ being
the original level, CE=("P, and there-

fore, if C'P=x, and I'=pressure in o
CB, . ]

II'=11+ go2z,

orI'-INx 2. | e

A graduated scale is attached to the
tube 4B, and, from the equation above,

it is seen that the length of C“P corre-
sponding to a pressure of » atmosphcres \UJ
=Ly if & be the height of the ba- B

rometer. Hence by giving successive integral or fractional
values to », the graduation of the scale can be effected.

The manometers we have now described are con-
structed on purely hydrostatic principles, but there are
others, depending on different mochanical principles, and
a very useful one, from its portability, is Bourdon’s Me-
tallic Manometer, which has the additional advantage of
not being fragile. The construction of this instrament is
briefly explained in the notes appended to Chapter v,

is

Barker’s Mill.

115. ACB is a tube, capable of revolving about its
axis which is vertical, and having two or more horizontal
tubes .BE, BD connected with it. C is a cup through
which water can be poured down the tube, and at D and
E, in the sides of BD and BE, orifices are made which
open in opposite directions. Suppose a stream of water to
flow into C and through the tubes; as the water flows
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through BD the pressures on the sides balance each
other except at D, at which part of the tube there is an

uncompensated pressure on the side opposite the orifi
the effect of which is to turn the tubgpg% round. "T’m

same effect is produced by tho water issuing at E, and a
continued rotation of the instrument is thus produced.
By means of a toothed wheel at 4 the instrument may be
employed in communicating and maintaining motion in
other machines, * B

The Piezometer.
»116. This is an instrument for mea-
suring the compressibility of liquids. -
A thermometer tube CD, open at the
end G, is enclosed in a strong glass vessel, \
which also contains a condensor-gauge EF’,
(See Art. 111.) E(

. Q

The liquid to be examined is poured
into CD, and a drop of mercury is then
introduced into CD so as to isolato the |
liquid, and the vessel is filled with water 1 dP
and closed by a piston. The piston 4 is
moveable in the neck of the vessel, and, by
means of a scrow B, any required pressure
can be produced. The gauge EF mcasures O

the pressures, and the compression of the
liquid is obtained by observing the space \ ¥ D
through which the drop of mercury 2 is

forced.
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The area of a section of CD and the volume of the bulb
are found by weighing the quantities of mercury contained
by the bulb and a portion of the tube.

The Hydraulic Ram.

*117. The fall of water from a small height produces
a momentum which by means of the Hydraulic Ram# is
utilized and made to produce the ascent of a column of
water to a much greater height.

The figure is a vertical section of the machine, AB
being the descending and G the ascending column of
water, which is supplied from a reservoir at 4. Z is an
air-vessel with a valve at C, opening upwards; at D is a
valve opening downwards, and H is a small auxiliary air-
vessel with a valve K opening inwards.

The action of the Machine. The valve D will at first
be open in its lowest position, and if water descend from
A, a portion will flow through D, but the action on the
valve will soon close it, and the sudden check thus pro-
duced increases the pressure; the valve C is lifted and
water flows into the vessel E, and condenscs the air
within; the reaction of the air thus condensed forces water
up the tube FG.

During this process the pressure of the water in the
large tube diminishes, and the valves €' and D both fall;
the fall of the latter produces a rush of water through the

* Invented by Montgolfier
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opening D, followed by an increased flow down 4B, the
result of which is again the closing of .D, and a repetition
of the process just described, the water ascending higher
in @, and finally flowing through G.

The action of the machine is assisted by the air-vessel
H in two ways, first, by the reaction of the air in /7 which
is compressed by the descending water, and secondly by
the valve K which affords supplies of fresh air. When the
water rises through O, the air in H suddenly expands,
and its pressure becoming less than that of the outer air,
the valve X opens, and a supply flows in, which compen-
sates for the loss of the air absorbed by the water and
taken up the column F'G, or wasted through D. About
a third of the water employed is wasted, but the machine
once set in motion will continue in action for a long time
provided the supply in the reservoir be maintained.

» The Atmospheric Steam Engine:

118. This instrament, constructed by Newcomen soon
after the year 1700, was the first in which the oscillation
of a beam was maintained by the elastic force of steam.

A solid beam EGF, which is moveable about G, has
its ends arched; to these ends chains are attached which
are connected with the rod of a piston in a cylinder 4.5,
and with a rod supporting a weight P, this weight being
less than the atmospheric pressure on the piston. Cis u

B. B, H, 8
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pipe connected with a boiler, B a pipe opening by a stop-
cock, and D is a pipe connected with & cistern of cold
water.

This engine was' first used for working the pumps of
mines, and a rod @ attached to P is connected with the
piston-rod of a pump.

The stop-cocks at € and D are connected with the
beam, so that when M is at 4, C is closed, and D opens,
and when M is at B, C opens and D is closed. The stop-
cock at B is made to open when M descends to B, and to
close immediately after.

Action of the Engine. The pressure of the steam in
the boiler is a little greater than that of the atmosphere,
and when M is at B, C is open, and steam rushes into
MB ; hence the weight P will cause the piston to ascend.
When M reaches A4, C i3 closed, D is opened, and a jet of
cold water is thrown in, condensing the steam, and thereby
producing very nearly a vacuum below M. The pressure
of the air on the piston being greater than the weight
P forces the piston down, and when it has descended, C
again opens, and an oscillation of the piston is thus main-
tained.

As B opens when M descends to the lowest point of
its range the water flows out before the ascent.

In the actual engine constructed by Newcomen the
stop-cocks were turned by hand, but an attendant, left to
work them, invented tho machinery by which the engino
became self-acting.

The Single-acting Steam Engine.

119. In the atmospheric engine, the cooling of the
cylinder at each stroke of the piston causes a great loss of
power, for the steam on first entering the cylinder is par-
tially condensed, and its elastic force is therefore dimi-
nished. One of Watt's first improvements was to produce
the condensation in a separate vessel. The tube D was
made to communicate with a vessel containing cold water,
the space above the water being a vacuum. This vacuum
conld be produced by filling the vessel with steam and then
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condensing it by cooling the vessel. When the piston is
at A4, the stop-cock opens and the steam rashes into the
vacuum, and is therefore condensed by the cold water. A
pump from the condensing vessel was connected with the
beam, so that the overplus of water arising from the con-
densed steam would be drawn off as soon as formed. These
two changes in the atmospheric engine constitute .the
single-acting engine, but the additional change of making
the steam drive the piston downwards as well as upwards,
leads to the double-acting engine, the type of most of the
steam engines now in acttal use.

Waitfs Double-acting Steam Engine.

»120. The cylinder 4B, in which the piston works, is
closed at both ends, the piston ranging from a to b. The
end of the piston-rod is connected by means of a jointed
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Jarallelogram with the end E of the bea.mEGF and the
end F of the beam is attached to the crank of the ﬂy~wheel.
At Cand D there are stop-cocks which are connected with
the fly-wheel, 8o that when M arrives at a, the steam flows
from the boiler through C into 4.1, and when M arrives
at b, the steam flows through D into BM. In each case
the steam is shut off when M has passed over about one-
third of its range.

K, the condenser, is surrounded with cold water, and
L is a pump connected with it ; a tube from K, not drawn
in the fignre, is connected with C and D so that when
steam from the boiler flows into 4.¥, the stcam from MB
flows into X, and when steam from the boiler flows into
MB, the steam from AM escapes into K.

Supposing M to be at a, steam enters AM from the
boiler and forces the piston down, its expansive force
being sufficient to complete the piston-range after it is cut
off ; on arriving at b, the steam in 4 escapes into X and
is condensed, and fresh steam from the boiler enters M B,
drives the piston upwards, and then escapes into X and
is condensed,: The continued accumulation of water in X
is prevented by the pump Z, by which it is drawn off at
every stroke,

The use of the fly-wheel is to maintain a continuous
motion, and prevent the irregularity which would arise
from the intermittent action of the piston.

Parallel motion. The parallelogram EQRS repre-
sents a system of jointed rods, invented by Watt for the
purpose of making the end @ of the pxston-rod move very
nearly in a vertical line. The point R is connected with
a fixed centre at P, and, by a proper adjustment of the
lengths of the rods, 1t. is found that the point @ deviates
very slightly from the vertical during its motion.

A full account of the various contrivances for parallel
motion will be found in Professor Willis's Mechanism.

The High-Pressure Engine,

» 121. In the double-acting engine the pressure of the
steam need not be greator than the atmospheric pressure.
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In the high-presmire engine it is many times greater, and
the steam instead of being condensed is let off into the
:ﬁ)en air at each stroke. The condenser and air-pump are

us rendered unnecessary, and the engine gsimplified. The
engines of locomotives on railways are high-pressure en-

These descriptions give the main principles on which the
constructions of steam engines depend, but for the various forms
in which these principles are developed, ‘and the innumerable
details of the mechanism connected with them, the reader must
‘consult special treatises on the subject, such as Dr Lardner’s in
‘Weale's series, Bourne's works on the Steam engine, or the ex-
cellent article in the Encyclopedia Britannica.

EXAMINATION UPON OHAPTER VI.

1. A DIVING-BELL is lowered until the surface of the water
within is 66 feet below the outer surfade; state approximately
how much the air is compressed.

2. If a small hole be made in the top of a Diving-bell, will
the water flow in, or the air flow out? @y Ml

¥8, Describe the action of a cominon Pump.

To what height could mercury be raised by a pump ?

4. Distinguish between a Lifting Pump and a Forcing
Pump, and state the principle of the-construction of a Fire-
engine.

¥5. In a Bramah’s Press, HX is one inch, HL is 4 inches,
the diameter of 4 is 4 inches, and that of O is half au inch; find
the force on 4 produced by a force of 2 Ibs. applied at Z. .

wB. If the receiver be 4 times as large as the barrel of an
air-pump, find after how many strokes the density of the air is
diminished one half.

7. State any limitations which exist to the degree of ex-
haustion producible by an air-pump.

8. Describe the Siphon-gauge, and its use.
9. What is & Manometor ! Describe any such instrument.

‘What must be the height of a Siphon Manameter that it may
mark & pressure of 60 lba, on & square inch ?
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10. Describe tho dd!'erenoe between theﬂAhuphem Steam

engine and Watt's Double-Acting Engine.
vl1l. The diameter of the piston of a Lifting pump is 1 foot,

the piston-range is 2} feet, and it makes 8 strokes per minute;
find the weight of water discharged per minute, supposing that
the highest level of the piston-range is less than 83 feet above the
surface in the reservoir, and that 33 feet is the height of the
water-barometer.

12. If, in worlq:g the same 'pump, the lower level of the
, piston-range be 31} féelf above the surface in.the reservoir, fipd
 the weight discharged per minute. .

Y,
+ NOTES ON CHAPTER VLy
h drchimedes’ Screw.

This instrument, one of the earlie#t hydraulic machines on
*record, is employed ior raising water, and depends for its action
onfy on'the welght and mobility of the particles of ‘water,

* Let ABCD be a metal tube, bent into the form of a cork-
screw, and then' keld eo thaf its axis is inclined to the vertical,
and let it be mdveable about its axis. The axis is to be inclined
so much to the wertical, that a stone, inserted at 4, will fall to
B, and after oscillating rest at B. In the figure the tube is
drawn as if wound round a cylinder moveable ahout its axis.

If we turn the cylinfen in direction of the arrows, B will
ascend, "and the portions of the tube from B to C' will succes-
sively take the same positions as B relative to the axis of the
cyhnder, as they do #o, the stone at B will fall into those posi-
tions, and thus be gradually passed along the tube. Instead of
the stone, suppose water poured l.td +the turning of the
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instrument will gybdeally raise the water;gml i flows out at
the uppefend. 1f the' end 4 Qe immersed in wa.ter, a ooutinued
stream will ascend and flow outrabove.

Tradition assigns to Archimgdes the credit of the in
of this instrument, and it is certain that, its use dates at leabt as'
far back as the time of Archimedes. It was employed in Egypt
in draining the land.after an inundation of the Nile.

The pomnt B at which, the stone will rest is not underneath
the cylinder but on ong mide, the .

svlq, and between ,the middle and ¥he e
s: rt of the surfacd,of the cfluder; this qm P

seen expenme t.an; -’ .

Speaking ptrictly, the point B lies between .‘
the lowest genci®iff linc of the cylinder, and«
the generating line which l}es‘lﬁi
the lighest and lowest generating#lines.

The machine wifl noWhots ybicss the inclination, '%'f‘\he a{ir.t
of the cylmder to the vertf!ca > aqtenﬂpn the pitch of ghe ,
scrow, i. e. theénchp, o re: strew t.o a aﬂm
section of the eylmd:l?n t}%ﬁe xndnygp 8 be po
B 18 on the side of the or, on the mlddle
and the' deqcend'ink t BT is direct i t
other, ﬁomts# To makelthis cleay, take a nger ln

18 & difmetef; let the dotped ll;a fepresent 2% o of the
thread of a s&ww, 'bemg t at B, nd the
cylinder round BF, is srl osed be‘hqnmnta.l BTy
is honizontal; the inchnation ofho axis to the vertx tb;m‘
equal to thﬁiwh pf the screw. P \

Turn the gylinder further, ﬁ Jhe screw, ma.rk the direc-
tion of tube it 18 an Archimédes’ screw, in' a pos!tmn tp work
freely in r‘uung water. ¢

The Piezometer. !

In the Annales de Chimie ¢t de Physique, V& Xxxr., 1'851 a
full accountf is given, by M. Grassi, ?f &xperitdents with this
instrument,’on ke comphessibility of wﬁter and some other
liquids, and also off the dompressibilit of : ‘these expéri-
ments were a continuation of M. B‘ngl ' on ﬂiq emnprfﬂ-

bility of water and mercury.
ticals in prin-

The apparatus employed by M. Gmm is lden
ciple with the piezometer of thertext, but differs in details. In

one particular poiny, thé dlif{ence is of practical importance;
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instead of pmduungmm by a screw,«the pressure on the
sarface of the water is produced by meana of condensed air. The
advantages gained are that the pressure can be measured with
greater precision, and that it can be adjusted more easily, and
changed more gradually.

The following are Grassi’s final conclusions with regard to
water:

(1) The compressibility of distilled water, deprived of air,
varies with the temperature, and diminishes as the temperature

(2) For dutil.led water, the compression’ due to one atmo-
sphere is thé same whatever be the pressure, provided the tem-
perattire remain constant,

3

EXAMPLES.

» 941, I! the receiver and the barrel of an air-pump are in the
, proportion of 4 to 1, find how much Las been pumped out at the
end of the fifth stroke.
'¥2. How would the tension of the Tope of a Diving-bell be
lﬂoyted by opening a bottle of soda-water in the bell }
¥8.. If P be the weight of a Diving-bell, P’ of 2 mass of water
the bulk of which is équal to that of the material of the ball, and
W of a mass of water the bulk of which is equal to that of the
interior of the bell, prove that, supposing the bell to be too hght
to lmk'thhout force, it will berin a position of unstable equl-
librium, if pushed down until the pressure of the enclosed air is
to that of the atmosphere as W to P—- P.* . s

‘4, If a cyhndriesl Diving-bell, height 5 feet, be let down
till the.depth of its top is 55 feet, find the space occupied by air,
the water-barometer standing at 33 feet,

Also find how much air must be forced in to expel the water
completely.  .*

5. After a very great number of strokes of the piston of
an air-pump the mercury stands at 30 inches in the barometer-
gauge, the capacity of the barrel being one-third that of the
recejver, prove that after 3 strokes the Leight of the mercury is
very nesrly 123 ‘inches. fo!73

+. A fine tubeofglau closed at thenpperend,uinvprtad
and its open end is immersed in a basin of meroury, within the

*# Beo Appendix,jxampls 4.
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receiver of a condenser; the length of the tube is 15 inches, and
it is observed that after 8 descents of the piston the mercury has
risen § inches; how far will it have risen after four descants®?

*7. If a oylindrical diving-bell, whose capacity is V cubic

fost, be sunk to such a depth that the water stands at ”l‘ﬂn of

D
its height, and be then lowered at the uniform rate of n feet
per second, prove that the number of cubic feet of air at the
atmospheric pressure which must be pumped in per second in
order that the water may always remain at the same height

will be (1—— 7 V, where % is the height of the water-baro-
meter in feet.

¥8. The length of the lower pipe of a common pump above
the surface of the water is 10 feet, and the area of the upper
pipe is 4 times that of the lower: taking 33 feet as the height
of the water-barometer, prove that if at the end of the first
stroke the water just rise into the upper pipe, the length of the
stroke must be very nearly 3 feet 7 inches..

If the receiver of an air-pump be over a‘Hluid, on which
a solid is floating, shew how to cdlculate the density of air in
the receiver after one stroke of the piston,

¥10. A cylindrical diving-bell, of beight @, is furnished with
a barometer and lowered into a fluid: the heights of the mer-s
cury in the barometer before and after immersion being % and
&’ respectively, shew that the depth of the bottom of the bell

below the surface of the fluid is equal to (g + ,%,) (W - k), where
o is the specific gravity of mercury, and p that of the fluid, :

Y11. A bent tube, the arms of which are vertical, and which
is open at one end and closed at the other, is partially filled with
mercury, the density of the air between the mercury and the
closed end of the tube being initially equal to that of the ex-
ternal air. If this tube be placed within the receiver of an air-
pump, investigate & formuls for determining the difference of

of the mercury, in the two arms of the tube, after n

gurokes of the piston.
+ Take 30 inches as the height of the barometer.
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412. If the highest level to which the piston of a common
pump ranges be below the spout, find the greatest tension of the
piston-rod.

"13 The valve in the piston of an air-pump being of given

size and weight, ind at what point of the nth descent the valve
will be raised.

14, If & be the range of the piston of an air-pump, 2 its
distance from the top of the barrel in its highest position, g its
distance from the bottom in its lowest position, and p the density
of the atmosphere; prove that the limiting density of the air
. . . a8
in the receiver will be (h+¢)(k+ﬁ)‘°'

¥15. In the n+1]" ascent of the piston of a Smeaton’s air-
pump, find the position of the piston when the highest valve
{whose weight may be neglected) begins to open; and shew that
then the tension of the piston rod : the pressure of the atmo-

: AN [ A4\B
"phmﬂn t'heputon 3 ]—(m) .1-(m) m.

16. A eylindrical diving-bell of internal volume v, is filled
with air at atmospheric pressure II and absolute temperature ¢,
and is lowered to a certain depth below the surface of water.
Shew that if a small rise (z) in the temperature and increase (y)
in the atmospheric pressure now take place, the apparent

weight of the bell wﬂl be unaltered provided I =L ¥ being
the volume of the air in the bell
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Method of Determining Specific Gravities. Specific
Gragities of Air and Water, the Hydrostatic Balance,
the Common Hydromeler, Sikes's, Nicholson’s, and
Hare's Hydrometers, the Stereometer.

To compare the specific gravities of air and water.

122, TAKE a large flask, which can be completely
closed by a stop-cock, and cxhaust it by means
of an air-pump.

Weigh the flask, and then perinit the air to enter, and
weigh the flask again. Finally find the weight of the flask
when filled with water,

Let w be the weight of the exbaustod flask, «’, « its
weights when filled with air and water ;

& w' —w=weight of the air contained by the flask,

Hence w'—w and %'’—w being the weights of equal

volumes of air and water,
specific gravity of water : that of air :: w”~w : ¥ —w.

In the same manner the specific gravity of any gas can
be compared with that of wator.

The specific gravity of water at 20.5° is about 768 times
that of air at 0° under the pressure of 29.9 inches of mercury
ab 00'

To combare the specific gravities of two fluide by
weighing the same volume of each.
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Lot w be the weight of a flask, ' its weight when
filled with one fluid (4), and w” its weight when filled with
the other fluid (B).

Then
w —w=weight of the fluid 4 contained in the flask,
W —W= .eucerrrrrrerrecnnnnanes Y SN ;

-~ specific gravity of 4 : that of B :: v’ ~w : 0w’ —w

If the flask be not exhausted when its weight is determined,
then, for strict accuracy, w must be diminished by the weight of
the air which the flask contains,

123. To find the specific gravity of a solid broken into
small fragments.

Put the broken pieces in a flask, fill the flask with
water and let its weight be then w”; let 20 be the weight
of the flask when filled with water, and ' the weight of the
solid in air.

Then

w'’—w=weight of solid pieces —weight of the water
they displace;
=’ —weight of water displaced ;
therefore
.w' +w—w"=weight of water displaced,
and specific gravity of solid __ 4
that of water ~ w+w-—-w""

If we take account of the air displaced by the solid, its real
weight is greater than %' by the weight of air displaced. This
weight must therefore be added to w’.

The Hydrostatic Balance.

124, The hydrostatic balance is an ordinary balance,
having one of the scale-pans smaller than the other, and
at a less distance from the beam, so that weights imn?med
in water may be suspended from it. .

The following cases are examples of its nse.
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(1) To compare the specific gravities of a solid and a
Liguid.
Let w0 be the weight of the solid in air.

Place the liquid in a vessel, as in the figure, and suspend
the solid from the scale-pan.

Let ¢ bo the weight of the solid in the liquid,

~ w—’ is the weight lost by the solid, and is therefore
the weight of thoe liquid displaced by the solid, Art. (39);

and w, w~w' are the wexghts of equal volumes of the
solid and liquid.

Hence,
specific gravity of solid : that of liquid :: w : w—aw'.
If we take account of the air displaced by the solid, we must -

add to w the weight of the air it displaces, since its true weight
is diminished by exactly the weight of air.

This remark applies also to the next two articles.

125. We have tacitly supposed the solid to be specifically
heavier than the liquid. If it be lighter it must be attached
to a heavy body of sufficient size and weight to make the two
together sink in the liquid.

Let =the weight of the solid in air,

w=the weight in air of the heavy body attached
to it,

' =the weight in the liquid of the heavy body,

w’'=the weight in the liquid of the two together.
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w+2z-w'=the weight of liquid displaced by the two to-
gether, since it is the weight lost,
2 -2’ = weight of liquid displaced by the heavy body.
Hence )
w+« — w' =weight of liquid displaced by the solid,
specific gravity of solid _ w
and therefore specific gravity of liquid ~— w42’ -w’*
126. (2) To compare the specific gravities of two
liquids.
Take a solid which is specifically heavier than either
liquid, and let % be its weight in air.
Let '=weight of solid in one liquid (4),
and 0" =......coonurrnmnnnians the other liquid (B);
.. w—w’ =weight of liquid 4 displaced by the solid,
w—w'= B o
.. specific gravity of 4 : that of B :: w—w’ : w—w".

The Common Hydrometer.

127. The common hydrometer consists of A
a straight stem ending in two hollow spheres
B and C.

This hydrometer is usually made of glass,
and the sphere C is loaded so that the in- [ B
strument will float with the stem vertical.

‘When the hydrometer is immersed and ===
allowed to float in a liguid, it displaces its F=—=
own weight of the liquid, and by observing = =
the positions of equilibrium in two liquids, F\ B J
the volumes displaced are inferred, and the 3¢
specific gravities of the liquids can be com-
pared.

Let x be the area of a section of the stem,» the
volume, and w0 the weight of the hydrometer.

Suppose that when floating in a liquid (4) the level D
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of the stem is in the surface, and that in liquid (B) the
level £ is in the surface.

Then, if s, & be the spécific gravities of 4 and B re-

tively,
el w=s(v—x.4AD)

aud w=4 (o—« . AE);

.8 _o—r.AE
¢ v-x.AD"

Sikes's Hydrometer.

128. This instrument differs from the A
common hydrometer in the shape of the
stem, which is a flat bar and very thin, so
that it is exceedingly cnsitive. It is gene-
rally constructed of brass, and is accom- ,
panied by a serics of small weights 7, which
can be slipped over the stem above C so as
to rest on C.

The use of the weights is to compensate
for the great sensitiveness of the instrument,
which would without the weights render it B
applicable only to liquids of very nearly the
same density.

Suppose the instrument floating in a
liquid (&), with the level D of the stem in c
the surface, and that «’ is the weight on C. 1Ina liquid (B)
let E be in the surface, and 0" the weight at C.

Let w be the weight of the instrument, » its volume,
« the section of the stem, ¢, " the volumes of «’, w”, and
¢, &’ the specific gravitics of the liquids,
Then w0+ %' = weight of fluid .4 displaced,
2+ —x. AD=volume of 4 displaced ;
swtw'=¢ 0+ —x. AD).
Similarly w+@’=¢ (0+0"—x. AE);
& w+w v+v"—x.AE
and therefore 7 wrw o+v—x.4D"

=M
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If the liquid (B) be the standard liquid, s”=1, and #,
the specific gravity of (4) is at once determined.

Nicholson’s Hydrometer.

129. The two hydrometers just described are used for
comparing the specific gravities of fluids; Nichol- A
son’s hydrometer can be also employed in com-
paring the specific gravitios of a solid and & fluid. [

It consists of a hollow vessel B, generally of ‘

-
Ubrass, supporting a cup 4 by a very thin stom,
y which is often a stcel wire, and having attached

{to it a heavy cup C': on the stem connecting A4
(and B a well-defined mark D is made.

We proceed to explain the use of the instru-
ment in the two cases.

(1) To compare the specific gravities of two A
liguids. c

If w be the weight of the hydrometer, %’ the weight
which must be placed in 4 in order to sink the instrument
to the point D in a liquid of specific gravity +, and w” the
weight for a liquid of specific gravity s”, the weights of the
liguids displaced are respectively )

w+w and w+w”.
Therefore, the volumes displaced being tho same,
&: 8 w+w : wrw”, .

(2) To compare the specific gravitiez of a solid and
a liguid.

Let e be the weight which, placed in 4, causes the
instrument to sink to D in the liquid.

Place the solid in 4, and let «’ be the weight, placed in
A, which sinks the instrument to D. ‘

Then place the solid in C, and let the weight w”,
placed in 4, sink the instrument to D. ,

" Hence weight of solid=w—o’,
and its weight in the liguid =w—w".

W
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Hence the weight lost, which is the weight of the liquid
displaced by the solid,= 1" —«’, and

<. spec. gravity of solid : that of liquid :: w—o' : W’ — .

If we tako account of the air, we must, as before, add to
w—uw' the weight of the air displaced Ly the solid.

Harc¢'s Hydrometer,

»130. This instrument is an application of the principle
of the barometer; it consists of two ver-
tical glass tubes lending out of a hollow
vessel 4, which can be connected with an
air-pump.

B and € are two cups in which the
lower cuds of the tubes are immersed,
and which contain the two fluids to be
compared.

Let the air in 4 be partially with-
drawn, so that its pressurc is diminished
from II the atmospheric pressure to I

Then if 72, E be the surfaces of tho
lignids in the tubes, aml F, G' in the cups,
and if p, p’ be the speeific gravitics,

N=1'+gpDF, and I =1I'"+gp’ EG;

s pDF=p' EQG,
and p : p'=EG : DF.

There is no absolute nccessity for an air-pump, as a
partial vacuum may be obtained in several other ways.

The Stereometer.

w131. The name stereomecter* has been given to a
modified form, by Professor Miller, of Say’s instrument for
measuring the volumes of small solids.

Tt consists of two glass tubes, PQ, DB, of equal dia

. Prof. Miller, Phil. Trans. Part m. 1856,
B. i H, 9
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meter, cemented into cylindrical cavitics
communicating with each other at their l ¥ I
lower ends in a pieco of iron G. '

Two apertures lead out of PQ and ol
DB, the one, K, stopped with a screw and
the other, Z, having a stop-cock.

The upper end of PQ opens into a aH
cup F, the rim of which is ground plane,
80 that it can bo closed and mado air-
tight by a plate of glass E, smeared with
lard. The tube PQ is graduated by lines
traced on the glass, and measured down-
wards from a fixed point P.

The solid to be examined being placed
in #, mercury is poured into D, till its
surface rises to #, and the cup is then
closed by the plate of glass.

The stop-cock Z is then opencd and -C
the mercury allowed to escape till the
difference of the heights of the mercury
in tho tubes is nearly cqual to half the ||
height of the mercury in tho barometer.
Let M and C mark the height in the
tubes; and let % be the volume of the air K &L
in " beforo the solid was placed in it, » the volume of the
solid, and /4 the height of the barometer,

The preséure at C= goh,
and .. at M=gp (h—MC).

Hence, if K be the scction of either tube, since the
volume varies inverscly as the pressure, -

h—MC-
and o= s 7ol K,PM,

The volume % can be found by a similar process, the enp
F being empty, and X is found by weighing the mercury
contained in a given length of the tube.
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. If the weight w0 of the solid » be determined, its spe-
cific gravity s is given by the relation w=s».

132, The screw X is used in the process of finding K. To
do this, the cupis tuken off and the tube P@Q closed ; the tubes are
then inverted, the screw X taken out, and mercury is poured in
through a slender glags tube inserted in K'; this precaution is
taken in order to prevent the formation of air-bubbles in PQ.

The end P is then opened and the mercury allowed to run
into a glass jar in which it is weighed.

A cubic inch of mercury at 16° weighs nearly 3429} grains,
and therefore if w be the weight of a column of mercury a
inches in length, i

w=34293. Ka,
from which X is determined in square inches.

Say's instrument consisted of one tube PQ, the lower end
being open, so that it could be immersed in a cylindrical vessel
of mercury.

The instrument was invented for the purpose of determining
the specific gravity of gunpowder : it can be employed in finding
the specific gravities of powders or soluble substances, for which
the methods which require immersign in water are inapplicable.

EXAMINATION UPON CHAPTER VII.

Y1. A souip, which is lighter than water, weighs 6lbs., and
when the solid is attached to a piece of metal, the whole weighs
7 lbs. in water; the weight of the metal in*water being 9 lbs.,
compare the specific gravities of the solid and of water.

v2. A solid weighing 251bs., weighs 16 lbs. in a liquid 4,
and 18 1bs. in a liquid B; compare the specific gravities of 4
and B.

v38. The whole volume of a hydrometer is 5 cubic inches,
and its stem is one-eighth of an inch in diameter; the hydro-
meter floats in a liquid 4 with one inch of the stem above the
surface, and in a liquid B with two inches above the surface;
compare the specific gravities of 4 and B.

«4, Describe the characteristic differences between Sikes's,
Nicholson’s, and the Common Hydrometer,

v6. Describe the construction and use of the Stereometer,

+6. What volume of cork, specific gravity .24, must be
9—2
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attached to 6 Ibs. of iron, specific gravity 7.6, in order that the
whole may just float in water?

v7. A body weighs 250 grains in a vacuum, 40 grains in
water and 50 grains in spirit; find the specific gravities of the
body and of the spirit.

8. A Sikes's Hydrometer floats in water with a given
length (a) of its stem not immersed; it is then placed in a
liquid (4), and when a weight w, volume ¢/, is placed on the
lower end, it is found that the length of stem not immersed
'l&tbe same a8 before; compare the specific gravity of 4 with that

water.

v 9. If a piece of metal weigh in vacuum 200 grains more
than in water, and 160 grains more than in spirit, what is the
specific gravity of the spirit}

¢10. A piece of metal whose weight in water is 15 ounces is
attached to a piece of wood, which weighs 20 ounces in vacuum,
and the weight of the two in water is 10 ounces; find the
specific gravity of the wood.

EXAMPLES,

v 1. A PpiEcE of wood, which weighs 571bs. in vacuo, is
attached to a bar of silver weighing 42 lbs., and the two toge-
ther weigh 381bs. in water; find the specific gravity of the
wood, that of water being 1, and that of silver 10.5.

¥2, The apparent weight of a sinker, weighed in waler, is
four times the weight in vacuum of a piece of a material, whose
specific gravity is required; that of the sinker and the piece
together is three times that weight. Shew that the specific gra-
vity of the material is .5.

» 3. A hoilow cubical metal box, the length of an edge of which
is one inch and the thickness one-eighteenth of an inch, will just
float in water, when a piece of cork, of which the volume is
4.34 cubic inches and the specific gravity .5, is attached to the
bottom of it. Find the specific gravity of the metal.

v4. A crystal of salt weighs 6.3 grains in air; when co-
vered with wax, the specific gravity of which is .96, the whole
weighs 8.22 grains in air and 8.02 in water; find the specifio
gravity of ealt.

5. A Nicholson’s Hydrometer weighs 6 oz., and it is requi-
site to place weights of 10z and 1}oz in the upper cup to
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sink the instrument to the same point in two different liquids;
compare the specific gravities of the liquids.

v 6. With the sume hydrometer it is found that when a cer-
tain solid is placed in the upper cup a weight of 1} oz. must be
placed in the upper cup to sink the instrument in a liquid to a
given depth; and that, when the solid is placed in the lower
cup, a weight of 3 oz. must be placed in the upper cup to sink
the instrument to the same depth ; compare the specific gravities
of the solid and the liquid, the weight of the solid being 2oz.

J7. A ring consists of gold, a diamond, and two equal rubies,
it weighs 44} grains, and in water 38§ grains ; when one ruby is
taken out it weighs 2 grains less in water. Find the weight of
the diamond, the specific gravity of gold being 163, of diamond
33, of ruby 3. Ja 7-e 47t e |

¥8. 1If the price of pure whiskey be 16s. per gallon, and its
specific gravity be .75, whut should be the price of a mixture of
whiskey and water, which on gauging is found to be of specifio
gravity .8, the specific gravity of water being 1% ¥ «» ™. 3;7 *;

v9. Supposing some light material, whose density is p, to be"
weighed by means of weights of density p/, the density of the
atmosphere when the barometer stands at 30 inches being unity ;
shew that, if the mercury in the barometer fall one inch, the

- F-p .
material will appear to be altered by G=1) Go7=29) of its
former weight. 'Will it appear to weigh more or less? it fiw

v10. A heavy bottle is filled with a fluid 4 and weighed in each
of two other flulds B, C, the apparent weights being 4,, 4,; it is
then filled with the fluid B and weighed in C and 4, the apparent
weights being B,, B,; lastly it is filled with fluid ¢ and weighed
in the fluids 4 and «B, the apparent weights being C,, C;: shew
that .
A3+ Bo+ C,=4,+ B+ G, .
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Mizture of Gases, Vapours, Radiation, Conduction
and Convection of Heat, Dew, Hoar Frost, Clouds
and Rain, Sea and Land Breezes, Dew-Point,
Hygrometers, Dilatation of Ligquids, Maximum
Density of Waler, Congelution and Ebullition,
Specific Heat.

Mizture of Gases.

133. IF two liquids aro mixed together in a vessel, and

if the vessel is left at rest, the two liquids, pro-
vided they do not act chemically on each other, will gra-
dually separate and finally attain equilibrium with the
heavier lignid lowest, and the lighter liquid superposed
upon it. But if two gases are placed in communication
with each other, even if tho heavier gas be below the
other, they will rapidly intermingle until the proportion
of the two gases is the same throughout, and the greater
the difference of density the more rapidly will the mixture
be formed.

Take two different gases, having the same temperature
and pressure, and contained in separate vessels; open a
communication between the vessels, amd it will be found
that, unless & chemical action take place, the pressure of
the mixture will be the same as before, provided the
temperature be the same,

‘We can hence deduce the following proposition:

If two gases having the same temperature be mized
together in a vessel of volume V, and {f the pressures of
the gases when respectively contained in V, at the same
temperature be p and p', the pressure of the mizture will
bep+p.
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Supposg the gases separate; change the volume of the
gas, of which the pressure is p’, without chango of tom-
‘perature, until its pressure is p; its volume will then be

’
%V, by Mariotte’s Law.
Now mix the two gases without.chang9 of volume, so
that the volume of the mixture is V+2 V,or&—p— v,

b): the preceding experimental fact, the pressure of the
mixture will be still p.

Compress the mixture till its volume is 7, and when
the temperature is the same as before, the pressure, which
varies inversely as the volume, will be p+p'.

This result is equally true of the mixture of any number
of gases,

134, Two volumes, V, V', of different gases at the
respective pressurcs p, p, are mized logether in a vessel
of volume U ; it is required o find the pressure.

Change the volume of each gas to U; their pressures
will be respectively \

'’

U p "ﬁp’s
{
and thercfore the pressure (o) of the mixture will bo
V V.,
Y/ p+ —[719 .
Ienco wU=pV+p V.

In Art. (133) wo have assumed that Mariottc’s law is
true of a gas formed by the mixture of two gases; this
can be shewn by direct experiment, but is in fact already
proved in one case, by the original experiment with atmo-
spheric air, which is itsclf composed of several different
gases. Moreover, the results of the two preceding propo-
sitions are borne out by facts.

Vapours.

135. The term vapour is applied to those gaseous
bodies, such- as stcam, which can be liquefied at ordinary
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pressures and temperatures. There is no difference be-
tween the mechanical qualities, as distinguished from the
chemical qualities, of vapours and gases, the laws already
stated of gases being equally true of vapours within cer-
tain ranges of temperature. In fact, there is every reason
to believe that all gases are the vapours of certain liquids,
but those which are looked upon as permanent gases
require the application of extreme cold and of very great
pressure to reduce them to a liquid form,

Professor Faraday found that carbonic acid, at the
temperature —11° was liquefied by a pressure of 20 atmo-
spheres¥, but that, at the temperature 0° a pressure of
36 atmospheres was required to produce condensation.

In 1877, M. Pictet succecded in liquefying oxygen
by subjecting it to a pressure of 300 atmospheres, and,
at the end of the same year, M. Cailletet effected the
liguefaction of nitrogen, atmospheric air, and hydrogen.

136. Formation of vapour. If water be introduced
into a space containing dry air, vapour is immediately
formed, and if the quantity of water be small, and the
temperature high, the whole of the water will be rapidly
converted into vapour, and in all cases tho pressure of the
air will be increased by the pressurc due to the vapour
thus formed

An increase of temperaturo, or an enlargement of tho
space, increases the amount of vapour as long as the sup-
ply of water remains; but if the water be removed, an
increasc of temperature changes the pressure of the vapour
in accordance with the gencral law which regulates the
connection between pressure and temperature.

The formation of vapour does not in any way depend
upon the presence of air or uwpon its density, the omly
effect which the ajr produces being a retardation of the
time in which the vapour is formed. If water be intro-
duced into a vacuum, it is msta.nta.noously filled with va-
pour, but the quantity of vapour is the same as if the space
had been originally filled with air.

Saturation. As long as the supply of water remains

* An mnolphere deno'es the pressure due to n.eolumno! mercury 209
inches in height.
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as a source from which vapour can be produced, any given
space will be always saturated with vapour, that is, will
contain the maximum quantity of vapour for any temper-
ature; but if the temperature be lowered, a portion of
the vapour will be immediately condensed, and become
visible in the form of liquid.

The quantity of vapour by which any given space 15
saturated is proportional to the spaco for any given tem-
perature; it follows that the pressure, or elastic force, of
the vapour is indcpendent of the space it saturates, and
depends only on the temperature. No definite law has
been discovercd connecting the temperature and the elastic
force of vapour, but tables have been formed and empi-
rical formuls constructed for certain ranges of tempera-
ture,

137. The laws of the mixture of gases are equally true
of the mixture of vapours with cach other, or of vapours
with gases, provided no coudensation take place ; or, if
any condensation should take place, provided a proper
allowance be made for the loss of pressurc incurred.

Thus all atmospheric air contains more or less aqucous
vapour, and if p be the pressure of dry air and = of the
vapour 1 the atmosphere ab any time, tho actual atmo-
spheric pressure is p + @,

138. HMaving given the pressures of a volume V of atmo-
spheric air, and of the vuapour it contamns, to find the volume of
the air without ils vapour at the same pressure and temperature.

Let IT be the atmospheric pressure, and o that of the va-
pour. :

TLen II — % is the pressure of the air alone when its volume
is V;

Hence its volume at a pressure II=II I[w 7.

139. Having given the volume V of a dry gas ai a given
temperature under a pressure p, to find its volume under the same
pressure, when saturated with vapour.

Let o be the pressure of the vapour.

Then the gas must be allowed to expand until its pressure
is p-, the supply of vapour being kept up. The pressure of

the mixture is then p, and the volume will be F’l;' Y.
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140. 4 gag contained in a closed vessel of wolume V is-in
contact with water, and its pressure at the temperature ¢ is p; &
:c t:ag{umd to determine its pressure when V is changed to V' and

Let zr and @’ be the pressures of the vapour at the tempera-
tures ¢ and ¢’ respectively, and p’ the required pressure.

Then p ~ @ and p'— @ are the pressures of the gas alone,
under the two sets of conditions stated.

Hence, if p, o’ be the densities of the gas,

P- @ =xp(1l+at),

' ~w'=xp' (1 +at),
also pV=p'V';
. ]?:?_ﬁ" v ]+¢1t’ .
‘p-w TV lvat’?
whence p’ is determined.,
If o, ¢’ be the densitie's of vapour under the two conditions,
@ o (l+at)
@ o(i+tal)’
and combining the two equations,
p-='w Vo
r-w @ Vi’

Ve po'-ow
or . ~="————,
Vo rw-vo

If pw’'> p'=m, Ve’ will exceed Vo; i.e. more vapour will
have been absorbed by the gas, but if pw’ < p'mr, then Vo
will be less than Vo, and the gas must thercfore, in changing
its volume and temperature, have lost a portion of its vapour.

Radiation, Conduction, and Convection of Heat.

141. Radiation. All bodies give off heat from their
surfaces by what is called radiation, and receive heat by
radiation from other bodies. If two bodies at different
temperatures are placed near each other, it is an experi-
menthl fact that the temperature of one will rise, and of
the other diminish until they are both the same.

In a siniilar manner, if a body is placed in a confined
space, the temperature of the body and of the boundary
of the space will gradually approximate, the one increasing
and the other decreasing till they are the same.
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Dufference of radiating power. Some bodies radiate
heat more freely than others, and the difference appears
to depend in great measure on the nature of the surfaces,
Thus the leaves of trees and woollen substances radiate
heat freely and rupidly, while the radiation from a polished
motal surface is very slight. .

Generally if the reflecting power of a surface be in-
creased its radiating power is diminished.

142. Conduction and convection. There are two
other modes of transference of heat from one body to an-
other. Conduction is the term applied to the transfer-
ence of heat by c%uta.ct, heat being transmitted through
the successive particles of a body, or from one body to
another in contact with it. Convection is the actual trans-
ference of heat by tho motion of fluids or other bodies
from one position to another; tho heat thus conveyed
away from one body may be imparted by contact or radia-
tion from the conveying body to any other.

Thus the handle of a poker, inserted in the firo, is
heatcd by conduction, and iu the process of warming
r s by kot uir or hot-water pipes the heat is obtained by
convection.

There are great differences in the conducting powers
of different bodies ; liquids generally are weak conductors,
but metallic substances have large conducting powers.

The cold felt in placing the hand on a marble mantel-
picce is an instance of conduction, the heat being trans-
ferrcd from the hand to the marble.

Woollen substances, glass, and wood, conduct heat very
slowly, and this fact is practically taken advantage of in
many ways. A heated body rolled up in a woollen cloth
may be kept hot for a long time, and ico in a wooden pail,
wrapped round with a cloth, will dissolve very slowly, even
in a warm room.

Another instance of a body with very small conducting
power is sand; heat is transferred through it so slowly
that red-hot shot can be safely carried about in wooden
barrows filled with sand.

One of the many useful applications of the non-con-
ducting powers of certain substances is in the construc.
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tion of Fireproof Safes; a safe of this kind is simply an
iron box enclosed within another somewhat larger, the
space between being filled up with some non-conducting
substance. .

143. The explanations above given of the saturating
‘density of vapour, and of the radiation of heat, will enable
us to account for many of the ordinary meteorological
phenomena, such as the formation of dew, and the fall of
rain and snow.

Formation of Dew. Any portion of atmospheric air
contains vapour in a greater or less degree, and may be
saturated with it; if so, the slightest «all of temperature
will produce condensation. If any solid in contact with
the atmosphere be cooled down until its temperature is
below that which corresponds to the saturation of the air
around it, condensation will take place, and the condensed
vapour will be deposited in the form of dcw upon the sur-
face of the body.

This accounts for the dew with which tho ground is
covered after a clear night.

Heat radiates from the ground, and from the bodies
upon it, and unless there are clouds from which the heat
would be radiated back, tho surfaces are cooled and the
vapour in the stratum of the atmosphere immediately
above condenses and falls in small drops of water on the
surface. Any kind of covering will more or less prevent
the formation of dew bencath ; very little dew, for instance,
will be found under the shade of large trees. It will be
seen moreover that good radiators are most abundantly
covered with dew, very smooth surfaces being almost en-
tirely free from it. This is in accordance with the facts
stated above of the radiation of heat.

Hoar Frost. If after the deposition of dew the tem.
perature fall below the freezing point, the dew is then
frozen and becomes hoar frost.

The fogs seen at night on low lying or marshy lands
are due to the same cause. The air is charged with
moisture to saturation, and the cooling of the surface ex:
tends sometimes through three or four feet of the atmo-
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sphere, producing a thick fog close to the ground, while
the air abovo is quite clear.

144. Clouds and Rain. Clouds are formed by the
condensation of the vapour in the upper regions of the
atmosphere. The reduction of temperature requisite for
condensation may occur from several different causes; a
mass of air and vapoyr in motion may rise into a colder
region or may come into contact with a larger mass of -
colder air, so that when the two are mingled together the
temperature may not be sufficient to maintain the elasti-
city of the vapour.

The fact that the clouds remain suspended may be ex-
plained in various ways. It seems highly probable that in
the process of condensation the vapour assumes the form
of small vesicles of water containing air, and thercfore not
necessarily of greater specific gravity than the medium in
which they are formed. Or, again, if the particles do de-
scend, they may, as they fall into a space in which the
temperature is higher, be gradually absorbed, and if new
vapour be formed above, the appearance of a stationary
cloud would consist with the fact of a continuous fall in
the constituent particles of the cloud itself.

The cloud which is often secen about the top of a
mountain is not unfrequently of this kind, A mass of
warm air charged with moisture travels past a mountain,
and by contact with it condensation is caused in that
portion which is ncar 1o the mountain. As the condensed
vapour is drifted away, it is again absorbed by the warm
air around it, and ,thus the apparently fixed cloud merely
represents a state through which the warm air passes, and
from which it emerges.

If a cloud be very highly charged with moisture, and a
further reduction of temperature take place, the vapour
condenses still further into small drops, and descends in
the form of rain.

145. When vapour is being condensed, if the temper-
ature fall below the freezing point, snow is formed; and
if rain as it falls pass through a region of the air in which
the temperature is below the freezing point, the drops of
rain are congealed and doscend in the form of kail -
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Fogs and mists are clouds formed near the earth’s
surface and in contact with it. The light summer rain
which sometimes falls about sunrise or sunset without the
appearance of a cloud is due to the same cause, the air
becoming suddenly colder, and the vapour in consequence
being rapidly condensed.

146. JUustration. The phenomena of dew and hoar
frost may be obtained on a small scale by simply putting
ice into a glass of water. The outside of the glass will
soon be covered with a delicate dew, which after a short
time freezes, and the glass is then covered with hoar frost.

The explanations of the preceding articles will cnable
an observer to account for most of the phenomena which
depend on the existence of aqueous vapour in the atmo-
sphere.

147. Sea and land breezes. 'Winds are partly due to
changes of temperature; if, for instance, the air in the
neighbourhood of any particular region become heated, it
will expand and rise, its place being filled by air from
other rcgions, and hence a wind towards “the heated
region.

In hot countrics on the sea-coast it is noticed that
during the day the wind in general blows from the sea,
and during the night from the land. Daring the day the
land becomes heated and retains heat ; hence the air above
it rises, and the cooler air flows in from the sea. But
during the night the land cools by radiation while tho
temperature of the sca rcmains ncarly the same; hence
the land breeze.

Dew-Point and Hygrometers.

148. The Dew-point is the temperature at which the
vapour in the atmosphere begins to condense.

To determine the dew-point a glass vessel must be
cooled until dew begins to be deposited upon it, and its
temperature must be then observed; again, observe the
temperature at which the dew disappears; a mean be-
tween the two may be taken as the dew-point.
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149. Tension of vapour in the air. 1f the dew-point
be asccrtained we can infer the pressure of the vapour in
the air by means of the tables before referred to of the
relation Letween the temperature and the saturating den-
sity.

For if ¢ be the dew-point, and = the corresponding
prossure, ¢ the temperature of the air, and = the required
pressure,

w:w 21l4+al:]l+ al,
and, tho pressure being known, the quantity of vapour in
the atmosphere can be determined.

150. Hygromelers are instruments for determining
the quantity of vapour in the atmosphere, or, in other
words, the degree of saturation,

This is measured by the ratio of the tension of the
vapour in the air to the saturating tension.

Thus if, in the caso of Art. (137), =" be the saturating
tension at the temperature ¢, -g;, is the measure required.

Hygrometers may be constructed of any substance
which is affected by the amount of moisture in the air,
such as a piece of cord which eﬁongates as the quantity of
vapour in the air diminishes, or a piece of seaweed, which
is cxceedingly scnsitive to hygrometric changes in the
atmosphere.

One of the hygrometers most in use is the wet and
dry bulb Thermometer. 1t consists of two mercurial
thermomotors near each other, one of which is covered
with muslin, and kept constantly wet by letting a portion
of the muslin drop in a cup of water. The moisture from
the muslin evaporates, and, as evaporation is always ac-
companicd by cooling, the wet bulb thermometer falls,
and, the drier the air is, the greator will be the difference
between the two thermometers. Empirical formulee and
tables have heen constructed by means of which the ten- -
sion of the vapour can be inferred from the readings of
the thermometers¥.

* See Mr Glaisher's pamphlet On the Wet and Dry Bulb Thermomeler.
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The direct determination of the dew-point is a trou-
blesome process, and the quantity of vapour in the air is
most easily found by means of the hygrometer just de-
scribed, and its accompanying tables.

Dilatation of Liquids.

151. In general, all solid and liquid bodies expand
under the action of heat, and contract when heat is with-
drawn. We have bofore had occasion to take account of
the expansion of mercury, which is within certain limits
proportional to the increase of temperature. This is also
the case with solid bodies, such as glass and steel.

For water and aqueous liquids generally, the law of
expansion is unknown; the rate of expansion is not con-
stant for a constant increase of temperature, but beyond a
certain limit becomes more rapid as the temperature rises,

Mazximum density of water. It is a remarkable pro-
perty of water that its density is a maximum at a tempera-
ture of about 4°C. or 40°F., and whether the tempera-
ture increases or decreases from this point, the water ox-
pands in volume.

132, PFreezing. When the temperature descends to
the freezing-point, a still further expansion takes place at
the moment of congelation. This is sufficiently proved by
the fact that ice floats in water, but it may also be ren-
dered very distinctly evident by a dircct experiment.
Fill & small iron shell with water, and closo the aperture
with a wooden plug; if the shell be then exposed to a
freezing temperature, the water within will- freeze, and at
the instant of congelation, the plug will be shot out with
considerable violgnce*.

153. -Formation of ice on the surface of a lake. 1t
is known that ice is formed much more rapidly on the
surface of shallow than on the surface of deep water; and
this: fact we can now account for, As the air cools, the

* The results of Playfair and Joule give 8°.945 C. as the temperature at
which the density is a8 maximum. Prof. Miller, Phil, Transactions, 1866.

The temperatures at which liquids frecze are different for different liquids,
but fixed for each liquid. Thus mercury freezes at a temperature ~40°C.
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water at the surface cools, and being contracted becomes
heavier than the water beneath. The surface strata then
descend, and the water from beneath rises and becomes
cooled in its turn, and this process will go on until the
whole of the water has attained its maximum density,
after which it will remain stationary, and the upper strata
being further cooled will expand and finally congeal. It
is clear that the decper the water is the longer will be
the time which elapses before the whole of the water has
attained its maximum density.

154. [Ebullition. When heat js applied to water, it
expands gradually until, at a certain temperature, bubbles
are formed and steam is given off.

This temperature is the boiling-point, and it has been
mentioned before that it depends upon the atmospheric
pressure.

The bubbles are first formed by the expansion of the
air which water contains. If water be heated from below,
the lower strata expand and rise, the upper strata de-
scending and becoming heated in succession, and air-bub-
bles ascend.  As the temperature increases, small bubbles
of vapour ascend, but do not always reacls the surface, as
they may be condensed in the Igss heated strata above.
Finally, larger bubbles are formed, and, the whole mass
being heated, ascend to the surface and give off steam,
which becomes visible by a slight condensation in the air
above.

These bubbles are formed when the tension of their
vapour is equal to the pressure they sustain, and this ex-
plains why a diminution of atmospheric pressure permits
the process of ebullition at a lower temperature; and, on
the other hand, that an increase of atnwspheric pressure
raises the temperature of ebullition.

For instance, under a pressure of two atmospheres,
the boiling-point is raised 20° C., and, if the atmospheric
pressure be diminished one-half, the boiling-point is lower-
ed about 18°

This accounts for the fact that water boils at a low
temperature on the tops of mountains, and on high table-
lands.

B.E H. 10
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Specific Heat.

155, Tt is found that a certain quantity of heat must
be expended in order to raise the temperature of a mass
of any substance by a given amount. The requisite quan-
tity of heat depends on the nature of the substance and
also on its mass, and for any particular substance it may
be at once assumed that the quantity of heat required
to raise the temperaturce one degree is directly proportional
to the mass of the substance.

In general, the amount of heat required to change the
temperature of a given mass from  to (¢+1)°is the same
for all values of 2.

Hence for the same substance the quantity of heat cx-
pended in changing the temperature from ¢ to ¢£°

« ¢'—¢ when the mass is given,
and « the mass when ' —¢ is given,

and therefore generally @ m (¢’ —¢), if m be the mass,

If this be taken equal to cm (¢'—2), c is called the spe-
cific heat of the substance, and it is the measure of the
amount of heat which will raise by 1° the temperature of
the unit of masg

If two masses m, m/, of the same substance, at tempera-
tures ¢, ', be mixed together, and if + be the tempera-
ture of the mixture, then, since the amount of heat lost by
one is gained bY the other,

mt—mr=m'r—m't,
ormi+mit=m+m)r.

156. For different substances the quantity ¢ has dif-
ferent values; thus it is found that water requires about
28 times as much heat as mercury in order to change the
temperature by e’ given amount, and the specific heat of
mercury is therefore lugs than that of water in the ratio of
1:28.

The specific heat of a gas must be considered from two
different points of view, for we may suppose the volume of
a gas constant, and investigate the amount of heat required
to raise the temperature 1°, or we may suppose the pres-
sure constant, the latter supposition permitting the expan-
sion of the gas.
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The specific heat in the second case exceeds the specific
heat in th® first case by the amount of heat disengaged
wlien the gas is suddenly compressed into its original
volume,

167. The specific heat of water is usually taken as the unit,
and one of the methods of finding the spccific heat of & sub-
stance ie by immersing it in a given weight of water, and ob-
serving the temperature attained by the two substances.

Thus, if M be the mass of a body, 7' its temperature, and C
ita specific heat,

m' and m the masses of a vessel and of the water in it, and
¢ their common temperature, )

7 the temperature of the whole after immersion, and (" the
specific heat of the vessel,

CM (T-1)=m(r-t)+Cm’ (r-1¢),
since the quantity of hoat lost by the body is equal to that
gained by the water and the vessel.

If ¢’ bo known, this equation determines C'; and O, if un-
known, can be found by pouring water of a known temperature
into the vessel at some other known temperature. s

The following are approximate values of the specific heats of
a few substances.

Water....ovvirveeernen W1
Thermometer-glass... .198
Iron...ccevieniniiinnenns 114
Zine .ouveninennininnenns 1
Mercury .........oeeent .03
Silver co..ocoveviineinans .08
Brass......cccooiennin 09.

EXAMINATION ON CHAPTER VIIL

1. A cusio foot of air having a presfure of 151bs. on a
square inch is mixed with a cubio inch of compressed air, having
a pressure of 60 lbs. on a square inch; find the pressure of the
mixture, when its volume is 1729 cubic inches.

2. State the conditions under which a space is saturated
with vapour.

8. A vessel of water is left in a close room for some time ;
what would be the effect of bringing & quantity of ice into the
room ?

10—2
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4. Explain the radiation, oonduetzon,l and convection of
heat. Why isa cloudy sky not favourable to the gleposition of
dew?

5, How do you account for the long trail of condensed
steam which often follows a locomotive in rainy weather?

6. Define the Dew-point, and expla.m the use of the Wet
and Dry Bulb Thermometer.

7. Ezxplain why it is difficult to heat water from its upper
surface.

8. If a pieco of ice be put into a glass of water, the ex-
ternal surface is soon covered with a fine dew; account for this
fact. :

9. Explain what is meant by Specific Heat.

Three gnllons of water at 45° are mixed with six gallons af,
90°; what is the temperature of the mixture?

10. At great altitudes it is sometimes found that a sensation
of discomfort is felt; the lips crack and the skin of the hands is
roughened; how do you account for these facts?

Can you give any reason why an east wind in England some-
timges produces similar effects ?

EXAMPLES.

1. Two volumes V, ¥V’ of different gases, at pressures p, p’,
and temperature f are mixed together; the volume of the mix-
ture is U, and its'temperature #, determine the pressure.

2. Two vessels contain air having the same temperature t,
but different pressures p, p’; the temperature of each being in-
creased by the same quantity, find which has its pressure most
increased.

1f the vessels be of the same size, and be allowed to commu-
nicate with each other, find the pressure of the mixture at a
temperature zero.

8. A glass vessel weighing 11b. contains 5 oz. of water,
Loth at 20% and 20z of iron at 100° is immersed ; what is the
teroperature of the whole, taking .2 as the specific heat of glass
and .12 of iron{

4. An ounce of iron at 120° and 2oz of zinc at 90° are
thrown into 6 oz. of water at 10° contained in a glass vessel
weighing 10 oz.; what is the final temperature, taking .1 and
.12 as the specific heats of zinc and ironf
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5. The pressure of a quantity of air, saturated with vapour,
is observed; the mixture is then compressed into half its former
volume, and, after the temperature has been lowered until it
becomes the same as at first, the pressure is again observed;
hence find what would be the pressure of the air (occupying its
original space) if it were deprived of its vapour without having
its temperature changed.

6. It is related of a place in Norway that a window of a
ball-room being suddenly thrown open, a shower of snow imme-
diately fell over the whole of the room. Account for this phe-
nomenon. . ¢

7. A drop of water is introduced into the tube of a common

barometer which just does not evaporate at the higher of the
mperatures ¢,%, 5%

Given that the elasticity of vapour increases geometrically
as the temperature increases arithmetically, shew that if Z,, By
be the errors of the above barometer at temperatures t,%, 29,
the common ratio of the geometric progression for an increase of
temperature of 19 in the case of vapour of water is

1

E, (1-et))a=,. .
Ey (1-ets) '

¢ being the coefficient of expansion fqr mereury.

8. A closed cylinder contains a piston moveable by means
of a rod passing through an air-tight collar aé the top of the
cylinder. The piston is held at a distance from the bottom of
the cylinder equal to one-third of its height, and vapour is intro-
duced above and below of a known pressure, the temperature
of the cylinder being such as will support vapour of twice the
density without condensation. The piston on being left to itself
sinks through two-ninths of the height of the cylinder. FProve
that the weight of the piston is five-fourths of the pressure of
the vapour upon either side at first. L

9. A flask is partially filled with watcr which is caused to
boil until the air is expelled, and then the flask is corked and
allowed for & short time to cool. The flask is then placed in cold
water, and it is found that the water in it recommences boiling.
Explain this phenomenon.



CHAPTER IX.
Rotating Ligquid,

158. WHEN liquid in a vessel is sot rotating, it is

. known that the surface assumes a hollow form;
by the help of a dynamical law we can determine what this
form is.

If a liguid, contained in a wessel which rotates uni-
Jormly about a vertical axis, rotates uniformly,as if rigidy
with the vessel, its surface is a paraboloid,

Every particle of the liquid moves uniformly in a hori-
zontal circle, and therefore whatever the forces may be
which act on any particle, their resultant must be a hori-
zontal force ténding to the centre of the circlo and equal
to maw®r, where r is the distauce of the particle from the
axis, m its mass, and o the angular force of the liquid *.

Since there is no relative displacement of the molecules
of the liquid, we can imagine that it has no rotation, and is
in equilibrium under the action of gravity and of the
imaginary force ma®r all acting outwards.

‘We assume from symmetry that the surface is a surface
of revolution.

. Let AG be the vertical axis of revo-
lution, and consider a point P on the
surface. Round J° as centre describe a
very small circl®) and take this emall
circular area as the base of a very thin
circular cylinder of liquid.

If m be the mass of the element of
liquid, thus imagined, it is in equilibrium
under the action of gravity, of mae?r
outwards, of the atmospheric pressure on
_ its surface, of the liquid pressure on its
* See Garnett's Dynamics, or Parkinson's Mechanics.
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inside flat end, and of the liquid pressures on its curved
surface.

These latter pressures, being equal to the atmospheric
pressure, are of themselves in equilibrium, and it therefore
follows that the resultant of gravity, mg, and of the force
ma'r must be normgl to the surface®.

Let the normal at P meet the axis in G, and draw PN
horizontal,

Then two forces acting in directions of the lines
PG, GN have their resultant, which is m«®PN, in the
direction PN, and therefore by the triangle of forces,

NG : PN . mg : mo*PN,
and W NGg=Y.
»* W

Now NG is the subnormal, and it is known that in a
parabola the subnormal is constant, while it can also be
shewn that the parabola is the only curve which has this
property.

The vertical section in the figure is therefore a parabola

tho latns rectum of which is %g” and the surface is a

paraboloid. t

It will be seen that this result is independent of the
form of the containing vessel. The axis of rotation, in fact,
may be within or without the fluid, but in any case it will
be the axis of the paraboloidal surface.

If the vessel were a surfaco of revolution, having the
axis of rotation for its axis, it would not be necessary theo-
retically that the vessel should rotate. Howover, by mak-
ing. it rotate with the liquid, we get rid of tho practical
difficulty which would in this case arisegfrom the friction
between the fluid and the surface of the vesscl.

159. 7o find the pressure at any point.

Take any point -@ in the fluid, gnd describe a small
vertical prism having Q in its base, which is to be taken
horizontal.

T A particular case of the general theorem that, in fluids at rest under any

forces, the resultant force at any point is normal, at that point, to the surface of
equal pressure passing through it
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The prism P@ of liquid rotates uniformly under the
action of the pressure around it,

but its weight is entirely sup-
ported by the pressure on its
base,
Hence if » be the pressure, M P
and p the density,
p=gpPQ. N
ow 5
2 2

pe=ou-on=23_on,

and - p=p(% m’QN’—gON) ;
and we thus obtain the pressure in terms of the horizontal
and vertical distances from the vertex of the paraboloid.

It must be observed that ON is measured upwards
and that if @ be lower than O, the equation for p is

P=P(% wzQN’+gON).

160. 70 find the resullant vertical pressure of a
rotating liguid on any surface.

Let PQ be the surface, and draw vertical lines from
its boundary to the surface; then the weight of the in-

cluded portion PABQ of liquid being entirely supported
by PQ, it follows that the resultant vertical pressure on
PQ is equal to the weight of the liquid above it.

If the surface .PQbep_ressedupwards,asinthe figure,
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then, continuing the free surface AOP of the liquid, it
can be-shewn, as in Art. (52), that
the resultant vertical pressure up-
wards on PQ is equal to the
weight of the fluid which would
be contained between the para-
boloidal surface, the surface PQ,
and vertical lines through the
boundary of PQ.

161. Dzr. A4 surnface of equal pressure is the locus of
points at which the pressures are the same.

If lines be drawn vertically downwards from all points
of the surface equal to PQ (fig. Art. 159), it is clear that
the pressures at their ends will be the same as at @; and,
as theso ends lie on the surface of a paraboloid equal to
the surface paraboloid, it follows that all surfaces of equal
pressure are in this case paraboloids.

162. Floating bodies. If a body float in a rotating
mass of fluid, in a position of relative equilibrium, it is
evident by the same reasoning, as in the case of a fluid at
rest, that tho weight of the body must be equal to the
weight of the fluid displaced. ¢

163. Figure of the Earth. A large portion of the
earth’s surface is covered with water, and, if it were not

B /G

for the earth’s rotation, its surfacé would be a sphere
having its centre at the centre of the earth.

For simplicity, imagine a solid sphere surrounded by
water, and suppose the whole to be in rotation about a
diameter CB of the sphere. Consider an elementary por-
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tion P of the water, which describes a circle of radius PN
uniformly. The attraction of the solid sphere in the direc-
tion PC, combined with the resultant fluid pressure in
direction of the normal at 2, must have as their resultant
the force mw?PN in direetion PN. Hence the normal
at P must be inclined, as in the figure, towards the axis,
and the form of the surface must be oblate.

Supposing the earth a large fluid mass, it is shewn by
mechanical considerations that the form would be an oblate
spheroid.

It is hence seen that the normal to tho surface of still
water, that is, the vertical, at any point of the earth’s sur-
face is not in direction of its centre, except at the poles
and the equator.

EXAMPLES,

164. (1) A fine tube, ABCD, of which the equal branches
AB, CD, are vertical, BC being horizontal, is filled with ligud,
and made to rotate uniformly about the axis o‘f AB; to find how
much liquid will flow out of the end D.

The liquid will flow out until the surface in 4B is the vertex
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of a parabola passing through D, and having its axis vertical
and latus rectum equal to gg.
If then O be the vertex of the parabola,
Bo*=2 40.
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This gives 4 0, and determines the quantity required.
If however 4 0 be greater than 4 B, the surface of the liquid
will be in BC, at P suppose.

In this case we have BO”:%AO’,

2 2 ,
and 3p=.—.£30=;§ (40'- 4B),
which determines the position of P.

(2) 4 straight tube AB, filled with liquid, is made to rotate
uniformly about a vertical axis through A ; io fiud how much
Jlows out at B.

Let 04 B=a, and imagine a parabola, latus rectum ‘%g. to

be drawn touching the axis of the
tube, and having its axis coinci-
dent with the vertical through 4.

Then if P be the point of con-
tact, all the fluid above P will
flow out.

To find P,
N2 0N
[~}

=Z, AN, since 04=ON,
and PN=ANtana;
AN=%cot’u.,

cosa

and AP=2

w? gin?a ° .
No fluid will flow out unless AP < 4 B, that is, unless
cosa
ZABwnta’

Tt will be seen that P is the position of relative equilibrium
of a heavy particle in the rotating tube.

(8) Let the end B be closed and the tube AB, rotating as in
Ez. (2), be only partly filled with liquid; it is required to find the
circumstances of relative equilibrium.

Let AC be the portion of tube filled with liquid (fig. of pre-
vious article).

w?
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Draw the parabola touching in P as before: them, if C is
below P, no change takes place, but if C is above P, the portion
::6' of liquid will flow to the upper end of the tube and remain

ere.

(4) 4 semicircular tube APB is filled with liquid and rotates
uniformly about the vertical diameter AB ; it i3 required to find
where a hole may be made in the tube through which all the liguid
will flow out.

Draw a parabola touching the tube at P and having its ver-
tex in B4, axis vertical, and latus rectum B .

equalto?.

Then, if an aperture be made at P, the
whole of the liquid, being above the parabo-

loidal surface, will flow out through P. C
To find its position we have
pn2=29 on=9 NT; N
w* w
but PN3=CN. NT; Al

.. ON=4 | which determines P. 0O
w

If a be the radius (CA) of the tube, and if
w’<%, then CN> C4, and the aperture must
be made at 4.

(5) In a mass of lquid, rotating about a vertical axis, a
very small ephere, of greater density than the liquid, is immersed,
and supported by a siring fastened to a point in the axis; it is
required to find the position of relative equilibrium.

For one position of equilibrium it is evident that the string

can be vertical, but wo can shew that the sphere may rest with
the string inclined at a certain angle (f) to the vertical.

Let V be the volume of the sphere, r its distance from the
axis in the position of relative equilibrium, and p the density of
the liguid. .

To find the pressure of the liquid on the sphere, imagine it
removed and its place supplied by a solidified portion ¥ of the
liquid ;
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The resultant liquid pressure must support the weight gp ¥V,
and also supply the horizontal pressure necessary to maintain the
circular motion, i e. p Vw?r.

Hence if p’ be the density of the sphere, and ¢ the tension of
the string, we must have, for equilibrium,

tain 0+ p Vulr=p Vur,
teosB+pVg=p'Vy,

and .°. tan = —

The position is therefore the same as if the sphere and string
were“in motion as a conical pendulum.

It will also be seen that the string coincides with the direc-
tion of the normal to the surface of equal pressure which passes
through the centre of the sphere.

6) 4 cylmdncal vessel. contains liquid, which rotates uni-
Jormly about the axis of the cylinder; to find the whole pressure
on i3 surface.

Let AOB be a vertical section of the surface, » the radius of
the cylinder. A

‘We have shewn, Art. (159), that the pres- B
sure varies as the depth below the' surface, /
and in this case the level of the free surface is N

the same for all points on the curved surface
of the cylinder.

Hence the whole pressure on the curved
surface D

=gp21rr.AD.%AD=rgpr.AD’.

Let % be the height of the liquid when at rest.

It is known that the volume of a paraboloid is half that of
the cylinder on the same base and of the same height, and
therefore the surface of the liquid at rest would bisect AN.

But 0N’=—AN, orr’=—AN;
1 w2
.. 4D= h+ AN=h+- -~
4 °

Henoe the whole pressure is given in terms of k.

Also the pressure on the base is equal to the weight of the
fluid, i. e. gpmrh.
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NOTE ON CHAPTER IX.

The question of the form of the surface of a rotating fluid
appears to have been first discussed by Daniel Bernoulli, in his
Hydrodynamica, which was published in 1733. He there proves
that the form is that of a paraboloid, and 5 years after Clairaut,
in his Figure de la Terre, gives a similar proof, at the same time
quoting Bernoulli.

From the remarks of Art. 17, it follows that the paraboloidal
form will be exactly true for viscous liquids rotating in the
same manner. The point of argument lies in the phrase, as if
rigid, for, without this condition, it would not be possible to
imagine the liquid in a state of equilibrium. It must not
be inferred that the paraboloidal form is that which would be
assumed by a liquid set in rotation by ordinary mechanical
means. The internal friction of a liquid, communicated from
the surface of a rotating vessel may produce the effect, if the
revolution be maintained long enough.

Theoretically, we can imagine the effect produced by
enclosing ice in & strong vessel with a paraboloidal upper surface,
making it rotate, and then melting the ice by pressure,
or otherwise. The melted ice would retain the rotation as if
rigid, and it might perhaps be possible to procure an approxi-
mation to the paraboloidal surface.

If a cup of tea be rapidly stirred, a convex surface is
produced, having a hollow in the middle, but, in motion of this
kind, the angular velocity decreases at increasing distances from
the centre, and there is a constant displacement of the relative
positions of the molecules of liquid. This is the case of
Rankine’s free circular vortex, and its discussion belongs to the
domain of Hydrodynamics. (See Hydromechanics.)

ExXAMPLES.

1. Li1quip contained in a closed vessel rotates uniformly
about a vertical axis ; prove that the difference of the pressures
at any two points of the same horizontal line varies as the dif-
ference of the squares of the distances of the two points from
the axis of rotation.
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2. A hollow paraboloid of revolution with ita axis vertical
and vertex downwards is half filled with liquid. With what an-
gular velocity must it be made to rotate about its axis in order
that the liquid may just rise to the rim of the vessel ?

8. If a solid cylinder float in a liquid which rotates about a
vertical axis having its axis coincident with the axis of revolu-
tion, determine the portion of its surface which is submerged,
the dimensions of the cylinder and the densities of the liquid and
cylinder being given.

4. An open vessel, containing two liquids which do not
mix, revolves uniformly round a vertical axis; find the form of
the common surface.

5. A conical vessel open at the top and filled with liquid
rotates about its axis; find how much runs over, 1st, when w is

less, and, 2nd, when w is greater than ,\/ Z cot @, 2 being the
height of the cone, and « its semivertical angle.

6. A hemisph‘erical bowl is filled with liquid, which is made
to rotate uniformly about the vertical radius of the bowl; find
how much runs over.

‘7. An elliptic tube, half full of liduid, revolves about a
fixed vertical axis in its own plane, with angular velocity «;
prove that the angle which the straight line joining the free sur-
faces of the liquid makes with the vertical is tan™? I%"' where
p is the perpendicular from the centre on the axis.

8. A closed cylindrical vessel, height & and radins a, is just
filled with liquid, and rotates uniformly about its vertical axis;
find the pressures on its upper and lower ends, and the whole
pressure on its curved surface.

9. A hemispherical bowl, just filled with liquid, is inverted
on a smooth horizontal table, and rotates uniformly about ite
vertical radius ; find what its weight may be, in order that none
of the liquid may escape.

10. A cylindrical vessel, containing water, rotates uniformly
about its axis, which is vertical, the water rotating with it at the
same rate; find the position of relative equilibrium of a small
piece of cork which is kept under water by a string fastened to
& point in the side of the vessel.
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11, A verlical cylinder, of height » and radius g, is half
full of water, which rotates uniformly about the axis; prove
that the greatest angular velocity which can be imparted to the

water without causing an overflow is A/2gk + a.

12. A conical vessel, of height A and vertical angle 60°, has
its axis vertical and is half filled with water; prove that the
greatest angular ve_l_ocity which the water can have without

overflowing is \/ ?% .
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Tension of Vessels containing Fluids.

165, IF a cylindrical vessel contain liquid, the pressure

of the liquid will produce a strain or tension in
the substance of which the vessel is formed. We may
imagine the vesscl formed of some thin flexiblo substance,
such as silk or paper, and it is obvious that if this sub-
stance be not strong enough, it will be torn asunder by
the pressure of the liquid.

We proceed to investigato the relation between the
pressure and the tension produced by it.

Measure of tension. Imagine a hollow cylindrical
vessel formed of a thin flexible substance to be filled with
a gas at o given pressure, so that the tension may be the
same throughout.

Divide the surface along & generating line, length I,
and let 7 be the whole force required to keop the two
parts together ;

then, if =1, ¢ is the tension along any unit of length.

If the cylinder be vertical and filled with wator, so
that the pressure and thercfore the tension vary at differ-
ent depths, then the tcnsion ¢ at any point is the tension
that would be exerted along an unit of length, if it were
the same throughout the unit as it is at the point in ques-
tion.

166. A wvertical cylindrical vessel contains fluid; to
Jind ihe relation between the pressure and tension.

The pressure being the same at all points of the same
B.E. 1. n
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horizontal plane, it follows that the tension
will be the same at all points of the same
horizontal section.

Let PQ, P’'Q’ be small portions of two
‘horizontal sections very near each other.
PP and Q@ being vertical. The dimen-
sions of PQ’ are taken so small that the
pressure and tension at all points of it are sensibly the
same.

Let », t be the pressure and tension; then ¢.PPF,
t. Q@ are the horizontal forces acting on the portion PQ’
of the surface at the middle points 4, B of its ends, and
these forces must counterbalance the pressure of the liquid,
which is p. PP’. PQ.

This resultant pressure acts in the direction CE bisect-
ing the angle ACB, and the two tensions in the directions
of the tangents at P and Q.

Hence, resolving the forces in the direction CFZ,
p.PP .PQ=21.PP sin;AOB

=2t.PP’.1.'Alg
2 r

Lo
=;,.PP . PQ,

if r bo the radius of the cylinder,
and .. t=pr,

1f the cylinder contain a gaseous.fluid of which the
pressure is sensibly the samé throughout its mass, the
relation ¢=pr is true at every point, whether the axis be
vertical or not.
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This result can also be obtained by considering the
equilibrium of a semi-circular portion of thickness 2.2, for
the resultant pressure will be parallel to the tensiong at the
two ends, and will be equal to the pressure on the prgjected
area 2r. PP, so that

2t.PP'=p,2r . PP, or t—pr.

167, If the pressure along the arc 4B is a variable
quantity the cylindrical form is not a form of equilibrium
for a vessel formed of thin flexible material, but, taking » as
Lhe radius of curvature at E, the relation, ¢=pr, is true of
every point.

For example consider the Lintearia, which is the form
assumed by a rectangular piece of a thin membrane, two
opposite sides of which are fastencd to the sides of a box, while
the other sides fit the box closely, so that liquid can be poured
in without escnpmg

The figure is a section of the cylindrieal surface so formed
by a plane perpendicular to its generating lines, BC being the
surface of the liquid.

c N B

N

The tension () along BAC is constant, because the liquid
pressure is normal, and, if r be the radius of curvature at P,

t=_p'r=quPN, o ;-oc PN,

i.e. the curvature at P is proportional to the depth below
the surface.

This curve is the same as the Elastica, the curve formed by
a bent rod, and is also, as will be seen subsequently, the same

as the Capillary curve. SN
112
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168. A spherical surface contains gas at a given
pressurs, it is required lo find the tension at any point.
symmetry we may take the temsion to be the
same at every point,

Moreover, if any line be drawn on the surface we may
assume that the tension between the o
two portions parted by that line acts
in a direction perpendicular to it.

Consider & very small square por-
tion of the surface 4BCD, and let ¢
be the tension, O the centre of the
sphere, and r its radius.

Then a being the lcngth of any
side of the square, thero are four ¢
forces, each cqual to Za, acting at the
middle points of the lines 458, BC,
CD, DA, perpendicular to these lines and tangential to
the surface, and the resultant of these forces must ccun-
terbalance the pressure of the gas.

The resultant of fa on 4B and CD, in the direction
EQ,

=2ta.sin FOE = 2ta€£=f_a2:
and similarly the resultant of the tensions on 4C and BD
t
= ; a? ;
therefore, if p be the pressure of the gas,

2 t; a®=pa? and 2t =pr.

Instead of taking a small elcment we may consider the
equilibrium of a hemisphere, under the action of the tension
2xrt, and of the resultant pressure which is equal to
the pressure on a circular area of radius », so that

2nrt=mrp, or 2t=pr.
Hence it appears that a spherical vessel is twice as

strong as a cylindrical vessel of the same materiul and the
same radius.
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169 We have not compared with each other the ten-
sions of vessels formed of substances of different thickness.
Te do this it will be seen that for a given value,of the
tension 7, as we have measured it, the intrinsic strain of
any substance will be diminished by increasing the thick-
noss,

Now if e bo the thickness of any flexible lamina, and if
t=er, then r will be the tension of an unit of arca of the
scction, and for the comparison of different thicknesses,
this latter mecasure of tension must be employed.

Ex. A bar of metal one square inch in section can
sustain a weight of 1000 lbs., and of this melal a cylinder
t8 made one-twentieth of an inch in thickness, and one
Joot in diameter; find the greatest fiuid pressure which
the cylinder can sustain.

In this caso the greatest possible value of = is 1000,
and the greatest value of ¢=

2—10 7=50;
R -
S P=s=E 8% 1bs,

Hence 8} lbs. per 8q. inch is the greatest pressure
which can be applied without bursting the cylinder.

170. A4 conical vessel, formed of a flexible substance, is held
by the rim with its verter downwards, and is filled with liquid;
it i8 required t find the tension at any point in the dirvection of the
generating line passing through the point.

Let PI” be a horizontal section of the cone. It is obvious
that along the section PP’ the ten-
sion is the same at any point and is
in direction of the generating line
through that point.

Let then ¢ be the tension, which is
at all points of the circle PP’ in a
direction inclined at an angle a {o the
vertical, if 2a be the vertical angle.

The vertical reaultant of the ten-
gion on the whole circle PP, that is,
27r. PN, tcos ais equal to the result-
ant vertical pressure on the surface (1)
POP,
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Now this pressure
=weight of fluid POP’ + weight of fluid P'Q

=gp (; *PN*. ON+xPN?3. PQ) ,

and thevefore if ON=z, and OE=h,
27x tan a. £ cos a =gprz? tanla (:—:+Io - a:) '

or sin @ (e 21:’)
=3 gp cos’a ( 3/
. "’:l:’ _2 Oh? 3%
Since hx— =5 =316 ( ) }

it follows that ¢ has a maximum value when 2= 3k £

A little consideration will shew that there is a horizontal
tension at all points along a generating line, in a direction per-
pendicular to that line, but the investigation of this other ten-
sion would be beyond the limits which must be assigned to an
elementary course, and must therefore be deferred to treatises

taking a higher range.

EXAMPLES,

1. Two vertical cylinders of the same thickness and the
same material, contain equal quantities of water; compare their
greatest tensions.

2. Two cylindrical boilers are constructed of the same ma-
terial, the diameter of one being three times that of the other,
and the thickness of the larger one twice that of the other;
compare the strengths of the boilers.

3. A bar of metal, one-fourth of a square inch in section,
can support a weight of 1000 lbs.; find the greatest fluid pres-
sure which a cylindrical pipe made of this metal can sustain,
the diameter being 10 inches and the thickness one-tenth of an
inch.

4. Equal quantities of the same material are formed into
two thin spherical vessels of given radii; compare the greatest
_fluid pressures they will sustain.
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5. The natural radius of an elastic spherical envelope con-
taining air at atmospheric pressure is a, and, when a certain
quantity of air is forced into it, its radius is . It is then placed
under an exhausted receiver and its radius becomes ¢. TFind
the quantity of air forced in, supposing that the increase of ten-

“sion of the envelope varies directly as the increase of its sur-
face.

6. The top of a rectangular box is closed by an uniform
elastic band, fastened at two opposite sides, and fitting closely
to the other sides; the air being gradually removed from the
box, find the successive forms assumed by the elastic band, and
when it just touches the bottom of the box, find the difference
between the external and internal atmospheric pressures.

7. A vertical cylinder formed of a flexible and inextensible
material contains water; find the tension at any point.

If this flexible cylinder be put into a square box, the width
of which is less than the diameter of the cylinder, and water be
then poured in to the same height as before, find the change in
the tension at any depth.

8. An elastic and flexible cylindrical tube contains ordinary
atmospheric air; if the ends be kept closed, and the pressure of
the air inside be increased by a given amount, find the increase
in the radius of the cylinder. !

If the radius be doubled by a given increase of pressure,
prove that the modulus of eclasticity is in that case twice the
tension that would have been produced in the cylinder, if
inelastic, by the same increase of pressure,

9. An inelastic flexible cylindrical vessel, closed rigidly at
the top, is filled with water, and the whole rotates uniforinly
about the axis of the cylinder, which is vertical ; find the tension
at any point.



CHAPTER XI.
Capillarity.

171 "HEN a glass tube, of very small Bore, with its

two ends open, is dipped in water it is observed
that the water rises in the tube, and that it is in equilibrium
with the surfuce of tho water inside at a higher level than
the surface outside. If the tube is dipped in mercury, it
is found that the mercury inside is in equilibrium at a
lower level than the mercury outside.

In either case, the ascent, or depression, is greater if
the experiment be made with tubes of smaller bore.

If the surface of water be examined close to the vertical
side of a vessel containing it, the surfuce will be found to
be curved upwards, tho water appearing to cling to, and
hang from the wall, at a definite angle.

Phenomena of this kind, with others, such as those
presented by drops of liquid, or by liquid films, are
grouped together as being instances of Capillary Action.

172. Consider the

equilibrium of a thin co-
lumn of liquid P, as in \’—"F(
the figure.

If = be the atmo- ;
spheric pressure, pres- QF

sure at Q=nw—gp.QN,

and therefore, taking a

as the cross section, the /
column PQ is acted
upon by gravity and also
by the force gpaQN
‘downwards, that is by
the force gpaPN downwards, which is in some way
counterbalanced.

e
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This suggests the theory of the existence of a surface
tension, the vertical resultant of which, acting on the upper
boundary, at P, of the column, will exactly counterbalanco
the weight of the column P,

Various facts support the idea of the existence of a
surface tendion. The familiar experiment of gently placing
a needle on the surface of water, on which it will sometimes
float, isa case in point. The needle appears to be supported
on a thin membrane, which bends beneath its weight.

In summer weather insects may be seen on the surface
of water, apparently indenting, without breaking through,
the superficial membrane,

As the results of observation and experiment we can
state two laws relating to surface tension.

(1) At the bounding surfice separating air from any
liguid, or between two liguids, there is a surface tension
which is the same at every point.and in every direction.

(2) At the line of junction of the bounding surface of
a gas and a liquid with a solid body, or of the bounding
surface of two liquids with a solid body, the surface is
tnclined to the suifuce of the solid body at a definite
angle, depending upon the natute of the solid and the
liquids.

In the case of water in a glass vessel the angle is acute;
in the casc of mercury it is obtuse. It will be seen that in
a tube containing water, the top of the water is concave;
in a mercurial barometer tube the top of the mercury is
convex.

173. Rise of a liguid between two plates.

Taking the figure of Art. 172 as a vertical section
perpendicular to the plates,

T the surface tension, a the constant angle at which
the surface meets cither plate, 4 the mean rise, and d the
distance between the plates, we have, for tho equilibrium
of one unit of breadth of the liquid,

27T cos a = gphd,
so that % varies inversely as d.
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Rise of a liquid in a circular tube.
Taking the same figure as a section through the axis,
and # as the radius of the tube, we have
2%y T cos « = gpnrh,
aud therefore 7 varies inversely as 7.
It will be seen that the rise in a circular tube of radius
r is the samo ac the rise between two plates at a distance r.

In each case the pressure at any point of the suspended
column is less than the atmospheric pressure, and, if the
column were high enough, this pressure would merge into
a state of tension, which would still follow the law of fluid
pressure, of being the same, at any point, in every direction.

The rise of sap in trees may perhaps afford an instance
of this state of things.

174. The Capillary Curre is the form assumed by the
liguid near a vertical wall.

Let PN be the height above the level of the water of a
point P of this curve, and consider the equilibrium of the
column PQLN, taking one unit of breadth perpendicular
to the planc of the paper.

NLG A

The resultant of the tensions at 2 and @ is in direction
of the normal at the middle point of 2@, and, if » be the

radius of curvature, it is equal to 7. -~

The vertical component of this resultant being equal to
the weight of the column,

Q-coso =gp PN.NL,
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where 4 is the inclination to the vertical of the normal.
Now INL = PQ cos 6,

~ T = gpr. PN,
i.e. the curvature at 2 is proportional to PN,

This is the property which we found to be true of the
Lintearia, and which can be ‘shewn to be also the
characteristic property of tho Elastica,

175. Liquid Films possess the characteristic property
that the tension is the same at every point, and in every
direction.

If ¢ be the tension of a soap bubble of radius r, and
2 the difference between the interral and external air-
pressure, then 2¢= 7.

Liquid films may be formed, and examined, by shaking
a clear uass bottle containing some viscous liquid, or by
dipping a wire frame into a solution of soap and water, and
slowly drawingit out.

In this way films, apparently plane, can be obtained,
shewing that the action of gravity is unimportant in com-
parison with the tension of the film.

These films give way and break under the least tangen-
"tial action, and wo thercfore infer that the tension across
any line is normal to that line.

We can hence deduce the property ahove stated. For,
considering a small triangular portion, the actual tensions
on the sides must be proportional to the lengths of the
sides, and thereforo the measurcs of the three tensions arce
the same.

If one part of the boundary of a plane film be a light
thread, we can prove that it will take the form of an arc of
a circle.

Since the tension of the film is at all points normal to
the thread, it follows that the tension, ¢, of the thread is
constant.

Let = be the intrinsic tension of the film, anci consider
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the element PQ of the thread ; for equilibrium, if » be the
radius of curvaturo,

PQ =r.PQ,
and thercfore # is constant.

176. Energy of a plane filin.

In drawing out a film a certain amount of work is
expended, and this represents the encrgy of the film.

Consider for instance a plane rectangular film ABCD,
bounded by wircs, and imagine the wire CD moveable on
ACand BD;
then releusing CD the film will draw CD towards 4B, and
the work done, if ¢ be the teusion, willbe ¢.CD. AC. But,
if S be the superficial encrgy per unit of area, the actual
energy is . CD,AC;

s 8=t

1. e. the superficial cnergy per unit of area™s equal to the
tension per unit of length. (Maxwell’s JZeat, Chapter xx.)

177. Energy of a soap bubbic.

If p be the difference betsvecn the internal and externat
pressures, and ¢ the tension, the work douc in expanding a
soap-bubble from radius to a radius 7’ slightly greater is

p.4rxr*(r'—1), or 8xtr (r' —7).

If wo assume ¢ constant, the total work done in the
formation of a bubble of radius ¢=3 8xtr (r' - 7),

., ¢ me
and, taking 7 —r=—andr=—-“—,

this = 81rt2,, nt? when n is indefinitely increased,

= 4ric?,
and therefore the superficial energy = ¢
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The Motion of Fluids.

178, Y F an aperture be made in tho base or the side of

a vessel containing liquid, it immediately flows
out with a velocity which is greater the greater the dis-
tance of the aperture below the surface. The relation
between the velocity and the depth, taking the aperture
to be small, was discovered cxperimentally by Torricelli.

The following is Torricelli’s Theorem :

If a small aperture be mnde in a vessel containing
Uquid, the velocity with which the particles of fluid issue
Jrom the tessel, inlo vacwwm, is the same as iof they had
Jallen from the leeel of the surfuce to the level of the
aperture;

*+  that is, if # bo the depth of the aperturo below the
surface, and o the velocity of the issuing particles,

v?=2g.,

The cxperimental proof of this is that if the aperture
be turned upwards, as in the figure,
the particles of liquid will riso to the
same level as the surface of the liguid
in the vesscl. Practically the resist-
ance of the air and friction in the con-
ducting-tube destroy a portion of this
velocity, but experiments tend to
prove tho truth of the law, which
moreover can be established as an
approximate result of mathematical
reasoning.
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Assuming the principle of energy*, we can give a
theoretical proof of the theorem.

Let K be the area of the upper surface of the liquid,
and suppose that, during a short time, the height of the
upper surface is diminished by a small quantity g, so that
Ky is the volume which has flowed out through the orifice.
Teking » as the velocity of efflux, the kinetic energy which

has issued through the orifice is % pKyo* and if we neglect

the kinetic energy of the liquid in the vessel, this must be
equal to the loss of potential energy, which is gp Ky,
and .. v° == 2ga.

Form of a jet of liquid. If the aperture be opened in
any direction not vertical, each particle of liquid having the-
same velocity, will follow the same path, which by the laws
of Dynamics, is a parabola. Hence the form of the jot is a
parabola.

Contracted vein. 1If the aperture be made in the base
of a vessel, and if the base be of thin material, it is observed
that the issuing jet is not cylindrical, but that it contracts
for a short distance (a fraction of an inch)and then expands
afterwards contracting graduallys it descends, and finally
breaking into separate drops. The amount of contraction
depends on the thickness of the vessel, and the size and
form of the aperture.

The rate of Effiuz is the rate at which tho liquid flows
out, and this clearly depends both on the velocity of the
issuing particles, and the size of the aperture.

If £ be the area of the aperture and o the velocity,
then in an unit of time a portion of liquid will have passed
through equal to a length » of a cylinder of which % is the
base, and therefore vk is the quantity which flows out in
an unit of time, that is, vk is the rate of efllux.

This is however not true unless the liquid issue from
a pipe of some length, in which case there is no contracted
vein. In general %~ must be taken as the section of the
contracted vein, it being found that the velocity at the
contracted vein is that which is given by Torricelli's

theorem.
* See Maxwell's Matter and Motion.
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179. Steady snotion. When a fluid moves in such a
manner that, at any given point, the velocities of the sue-
cessive particles which pass the point are always the same,
the motion is said to be steady. Thus if a vessel having a
small aperture in its base be kept constantly full, the
motion is steady.

180. Motion through tubes of different size. e
continuity of a fluid leads to a simploe relation between
the velocities of transit through successive tubes. Thusif a
liquid, after passing through a tube 45,
pass through CD, the tubes being full,
it is clear that during any given time
tho quantity which passes through a
-given plane AB in one tube must be
cqual to the quantity which passes any
given plane CD in the other. Let %, %’
be the areas of these planes, and o2, v
the respective velocities at 48 and CD.
Then ko, X'v' are the quantities which
pass through in an unit of time, and
therefore ‘

ko =lv.

Hence, as the section of a mass of fluid decreases, its
velocity incrcases in the same proportion. For instance,
the stream of a river is more rapid at places where the
width of the river is diminished. This also accounts for
the gradual contraction of the descending jet of liquid,
Art. (172), for the velocity increases, and therefore the
section diminishes,

181. A cylindrical vessel containing liquid has a
small orifice in its base; to find the velocity at the sur-
Jace.

If the orifico be small and the surface large, the sur-
face will descend very slowly.
Let & be the height of the surface, then ~/2gh is ap-

proximately the velocity at the orifice. Take X for the
area of the base of the vessel, and % of the orifice.
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Then, neglecting the change of velocity at the orifice
in the unit of time, a/2gA is the quantity of liquid which
passes through the orifice, and therefore if ¥ be the velo-
city at the surface,

VK = ka2gh.

If the vessel be kept constantly full, the motion is
sfady and the velocities are constant: hence the time in
which a quantity of liquid, equal in volume to the cylin-
der, would, under these circumstances, flow through the

o _h K h
onﬁce——t;—k,\/%.

It will he seen that this is only a rough approximation
to the actual facts of tho case, but its insertion will serve
to illustrate the laws above mentioned.

182. Pressure of air in motion. Early in the 1Sth
century Hawksbee observed that if a current of air be
transmitted through a small box the air becomes rarefied.
This fact is illustrated by the fullowing experiment.

Take a small straight tube, and at onc end of it fix
three smooth wires parallel to the tube and projecting
from its edge, and let a flat disc be moveable on these
wires, with its plane perpendicular to the axis’of tho tube.
Blow steadily into the other end, and it will be found that
the disc will not be blown off, but will oscillate about a
point at a short distance from the end of the tube.

The reason of this apparent paradox is that the dimi-
nution of the density of the air in motion diminishes the
pressure on the disc which would otherwise result from
the continued action of the air impinging upon it, and the
result is that it is balanced by the atmospheric pressure
on the other side. -

A full account of this experiment, and of other facts connected
with it, was given by Professor Willis in the third volume of the
Cambridge Philosophical Transactions.

A similar experiment was peiformed, in 1826, by M. Hachette,
with a stream of water, and it was found that the pressure of the
water was diminished by an increase of velocity.
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It is worthy of remark that large ships of the Devastation
class are observed to sink mure deeply in the water when their
speed is increased.

In & series of papers in Nature, for November and December
1876, Mr W. Froude has given a number of experimental
illustrations, with explanations in general terms, of the connec-
tion between the pressure and the kinetic energy of a liquid.

Impulsive Action.

183. Imagine a closed vessel filled with liquid and
having an aperturo in its surface fitted with a piston. Let
an impulse be applied to this piston; then assuming the
incompressibility of the liquid, it can be shewn by the
same reasoning as for finite pressures, that the impulse is
transmitted throughout the mass, and is, at any point, the
same in every direction.

The impulse at any point is measured in the same
manner as & finite pressure; that is, if @ be the impulsive
pressurc at a point, @k is the impulse on a small area &
containing the point.

A cylmdrwal vessel, contammg hqmd s descending
with a given velocity and is suddenly stopped ;5 to find the
impulsive ation at any point.

The impulsive pressure at all points of the same hori-
zontal plane will be the same, and if @ be the pressure at
a depth z, and % the area of the base of the cylinder, wk
is the impulse between the portion of the liquid above
and below the plane at a depth #, and this impulse evi-
dently destroys, and is therefore equal to, the momentum
of the liquid mass above, which is pkzo.

Hence wk = pkzv, R

and .. @ = po.

If a vessel of any shape, containing liquid, descend
vertically and be suddenly stopped, we can prove, by con-

*gidering a small vertical prism of liquid, that the impulse
ab a.?g point varies as the depth below the surface of the
liquid.

B, E. H, ' 12
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This being the case,”it follows that the propositions
relating to whole pressure, and to resultant vertical and
horizontal pressures in Chapters im1. and 1v., are equally
true of impulsive pressures for the particular case in which
the motion destroyed is vertical. The question is really
the same if the vessel bo made to ascond suddenly from
b, or have its velocity siddenly changed.

Ex. In a closed vesscl of liquid a ball of mcial is suspended
by a vertical string fastened to the upper part of the vessel. Find
the impulsive tension of the string when the vessel is suddenly
raised with a given velocity.

The resultant impulse of the liquid on the ball will be the

same as if its place were occupied by the liquid, and therefore
will be equal to the momentum of the ball of liquid.

1f U be the volume, and v the velocity, this is prl’. Rut if
p’ be the density of the metal, the momentum of the ball is
p'vU, and this is produced by the impulse of the liquid, and the
tension T of the string.

Hence prlU=pplU+1,
and P=(p'-p)ol.



CHAPTE® XIII

On Sound.

184, THE sensation which we call sound is produced
by a vibratory movement of the atmosphere;
however it is first caused, it finally affects the organs of
hearing by means of the air. A blow struck on any elastic
body will produce sound, and the more highly elastic the
body is the more easily will the sound be produced; a
picce of metal when struck will ring sharply while the
same blow on a piece of wood produces a dull sound of
less intensity. A sound may traverse intervening bodies
and Dbe finally imparted through ajr which has no direct
communication with the air in which it originated.

The fact that air is necescary jor the transmission
of sound may be shewn experimentally. Suspend a bell
within the receiver of an air-pump, and provide a means
of striking the bell from without, for instance, by a rod
sliding in an air-tight collar, Then procecd to exhaust
the receiver, and it will be found that as the exhaustion
progresses, the sound of the bell becomes fainter, and is
finally lost altogether.

That there is an actual motion in the particles of air is
shewn by the transmission of sound through solid bodies,
and also by the fact that a musical note sounded on apy
instrument will sometimes produce a sound, in unison with
it, from some other body not in contact with the instru-
ment.

Velocity of Sound.

The rate at which sound travels depends on the tem-
perature of the atmosphere; it has been found esperi-
12--2
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mentally that at the freezing temperature the velocity is
about 1089 feet per second, and that at a temperature
of 61°F., when the height of the barometer is 29.8 inches,
the velocity is nearly 1118 feet per second. We may
therefore take 1100 feet per second as the velocity of
sound under average atmospheric conditions,

Distance of @ aound:g;g body. Knowing the velocity
of sound, we can estimate the distance of a sounding
hody whenever the production of sound is accompanied
by the production of light. The velocity of light is B0
great that its transmission through all ordinary distances
on the earth may be considered instantaneous, and thus
if a cannon be fired from a ship at sea, the interval be-
tween secing the flash and hearing the report will deter-
mine the distance of the ship. In the same mauner the
interval between a flash of lightning and the thunder
which follows it will determine the distance of the cloud
from which the flash is evolved.

The rolling of thunder may be accounted for in two
ways. A single explosion may accompany the lightning,
in which case a peal of thunder will be due to the reflec-
tion of the sound by clouds in different directions, and
will be in fact a succession of echoes. Or the electric
flash may pass rapidly from cloud to cloud, and thus the
sounds of a series of explosions taking place almost at
the same instant, but at different distances from tho spec-
tator, will arrive in succession and produce a continuous
peal. In this latter case the peal is probably intensified
and lengthened by echoes.

Velocity of sound through water. Sound is transmitted
with much greater velocity through water, and through
highly elastic solids, than through air. By experiments
made in the lake of Geneva, the velocity was found to be
4708 feet per second, when the temperature of the water
was 8°C. The rate of trausmission through wmetallic

substances is very much greater.

Velocity through gases. We have stated that the
_velocity in air depends on the temperature, and not
on the density. In fact it depends on the value of %
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which is different for different gases, and therefore the
velocities in gases differ from each other. For instance,
the velocity in hydrogen is nearly four times that in air at
the same temperature, the elasticity of hydrogen being
much greater than that of air.

Transmission through the®atmosphere. The variogs
portions of the atmosphere through which a sound passes,
may have different temperatures, and consequently the
sound will travel with a variable velocity. Moreover, the
passage through varying strata tends to disturb the vibra-
tions and to diminish the intensity. This accounts for the
fact that distant sounds are heard more distinctly at night
than during the day, the atmosphere being in general
moro guiescent, and having a more equable tempcrature.

Sound Waves.

185. A twave is tho term applied to any state of vi-
bratory motion which is transmittod progressively through
the particles of & body. The effect of dropping a stone in
still water is a familiar illustration; the risc and fall of
the water produced by the plunge of the stone travels
outwards in an expanding circle, while the particles of
water mercly rise and fall in succession as the wavo passes
over them.

Thus a portion of the atmosphere being in any way set
in motion, the vibrations are communicated to the sur-
rounding air, and the expanding spherical wave impinging
on the ear produces the sensation of sound.

The intensity of a sound diminishes as the, distance
of the sounding body is iucreased. As a spherical
wave expands, its thickness remaining constant, the vibra-
tions are communicated to larger masses of air, and, in
accordance with a general law of mechanics, the intensities
of the vibrations are diminished. The intensity in fact is
diminished in the inverse ratio of the square of the dis-
tance. This law however does not hold, if the sound be
transmittod through tubes or pipes. In such cases the
intensity is very slowly diminished.
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Propagation of a Wave along a Straight Tube.

< 186. Consider a straight tube filled with air, and let
a disc 4B at one end oscillate rapidly over the space aa’.

a2Ae C___D ]‘){ITF]-‘ G MK 1 M
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When the disc oscillates from 4 to a, it compresses
the air before it, and when the disc is at @, the comproes-
sion has traversed and extends over the space AC. This
compression travels along the tube with a constant velo-
city, and is called the condensing wave, -

As the disc returns from a to A4, it rarcfies the air
behind it; and this rarcfuction extends over AC, while
the previous compression has been transferred to the
space CD, and thus a rarefying wave follows the condens-

ing wave.

As the disc moves from A to «’, another rarefying
wave is produced, and when the disc returns to 4, a con-
densing wave is produced, while during these two pro-
cesses the first condensing and rarefying waves have been
transferred to £F and DE rcspectively.

The disc having its greatest velocity at 4, and coming
to rest at @ and a’, it is obvious that the condensation is
greatest at F, and diminishes gradually to E, where there
is no condensation, or where the density is the same as if
the air were at rest; from E to D the air is rarefied, and
at D the rarefaction is greatest; from D to C the rare-
faction decreases, and at C condensation commences and
increases to 4.

Thus a complete wave or undulation is formed, and if
the disc oscillate once only, a single wave will travel along
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the tube taking successive positions as in the figure; if
the disc continue to vibrate, a succession of these waves
will be produced and will follow each other continuously
along the tube. If these waves, on emergence from the
tube, impinge on the ear, the sensation produced will be
that of a continuous and uniform sound.

The vibrations can be produced without the aid of the
dise, as, for instance, by blowing across the end of the
tube.

It will be observed that the velocities of the vibrating
particles of air are zero at F and D, and greatest at £
and C. .

The length of a wave is the distance between any two
points at which the plhascs of vibration are the same, that
is, at which the velocities of the vibrating particles are
the same in direction and magnitude. :

Motion of a Wave along a Stretched String.
3

187. In a similar manner, if a portion of a stretched
cord PQ be sct in motion, a wave, or succession of waves,

n
P A

will travel along the cord, and on arriving at @ will be
reflected and travel back again.

The string may vibrate somewhat in the form of the
curve ABCDE, AE being the length of a wave, B and C
the points at which the displacoment is greatest, tgud the
velocity zero, and 4, C, and E the points at which the
displacement is zero and the velocity greatest.

In this case the vibration is perpendicular to the line
in which the wave travels, but its analogy with the case of
the tube is sufficiently evident.
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The vibrations of the string are communicated to the
air and thereby conveyed to the ear.

Musical Sounds.

188. Any series of waves, following in closo succes-
sion, may produce a continued sound ; if they are irregular
in magnitude, the result is a noise, but & musical note is
produced by a constant-succession of equal waves,

Pitch, tntensity, and quality. Notes may differ from
each other in three characteristics; thus, a notc may be
grave or acute, that is, its pitch may be high or low; and
the pitch of a note depends on the length of the consti-
tuent wave, and is higher as the length of tho wave is
less. The intensity of a sound depends on the extent of
vibration of the particles of air, and its quality is a cha-
racteristic by which notes of the same pitch and intensity
are distinguished from each other. The quality of a note,
or, as it is sometimes called, its imlre, depends on the
nature of the instrament from which it is produced.

A further distinction of sounds is sometimes marked
by the word fone. Thus the tone of a flute differs from
the tone of other instruments, while two flutes may, and
will in general, produce sounds which differ in quality.

189, Sounds of different pitch travel wilh the same
velocity. This appears to be the casc from the faet that if
& musical band be heard at a distance there is no loss of
harmony, and therefore there can be no sensible difference
in the velocities of the differcnt sounds.

190. Reflection of waves in a tube of finite length.
It is found both by experiment and theory that a wave
on arriving at the end of a tubo is reflected, whether the
end be open or closed, and travels back again, changed
only in intensity, to be again reflected at the other end.

This accounts for the resonance in a tube when the
air within it has been set in vibration.

191, Coexisience and interserence of undulations.

Different sound waves travelling through the air tra-
verse each other without alteration cither of pitch or in-
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tensity. In other words, different undulations coexist
without affecting each other, and the actual vibration of
any particle of air is the sum or difference of the coexist-
ent vibrations which are at the same instant traversing
the particlo of air.

A simple illustration of this coexistonce may be seen
by dropping two stoncs in water. The cxpanding circular
waves intersect, and at the points of intcrsection it will
be seen that a depression and an elevation neutralize each
other, and. that two dopressions or two elevations at the
same point increase the amount of one or the other. If
there be a sufticicnt number of circular waves the points
of greatest elevation will be seen to lie in regular curves,
a8 also those of depression, and of ncutralization¥*, The
vibrations in this case being transverse to the direction of
transmission of the wave are different from those of sound
waves, which are longitudinal or in the direction of trans-
mission, but the offect of coexistence is the same in all
cases,

The cffect of cnexistence in producing neutralization,
or increase of intensity, is called the interference of undu-
lations, and it wmust be observed that, while two sets of
undulations are physically independent of cach other, their
geometrical resuitant may be a form of undulation differ-
ent from that of either component, as in the case just re-
ferred to of the undulations in the surface of water.

* These curves are hyperbolas, for, if A4
and B be the contres of disturbance, and
P, Pr the points of intersection of two par-
ticular waves, AP and BP increase wni-
formly with the time, and the rate of in-
creasce of cach is the samne.

Hence, their difference is constant, and
the locus of P is an hyperbola of which4 A B
and B aro the foci. As other waves follow
in succession the sories of such points will
lie in confocal hyperbolaa
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The Notes which can be produced from a Tube closed
at one end.

192. When a definite note is being sounded from a
tube, the air within the tube vibrates regularly, every
particle maintaining the same vibration, and there ave
certain points of the tube at which the air remains at
rest. These points, or planes of division of the tube, are
called nodes, and the planes of maximum vibration are
called loops.

The motion in fact is the same as if thore were fixed
waves in the tube, and the nodes and loops are the points
of zero velocity and zero coudensation.

The motion thus described is ealled steady motion, and
its existence is requisitc to the continuance of a definite
note.

In the case of a tube closed at one end B, it is clear
that the end B must be a node, and since the end 4 is
cpen its density is sensibly that of the air outside, and we
may take it to be a loop.

It is therefore evident that the longest possible wave
for which the motion can bo steady is four times the length
of AB; and the corresponding sound is the fundamental
note of the tube.

Further, 4.8 may be any odd multiple of the distance
from a node to a loop, and if AB=I, and X be the leugth
of a wave, wo must have

l=(2n+l)2,

4
2n+1"

Hence the notes which can be produced from 4.2 have
for their wave lengths,

or A=

4
u)%z’ '5’ &cw
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and, if o be the velocity with which a wave traverses the
tube, the times of vibration are
- 4 4 4
v’ 30’ b
and are therefore in the ratio of the fractions

lll&c.

lr 5» 5, 7:

The Notes of a Tube open at both ends.

193. In this case cach end is a loop, and there is
therefore a node between; hence the greatest possible
wave longth is twice the length of tho tube, and further
the length of the tube must bo some multiple of half the
length of a wave.

Hence l= m‘);,and)\—gl
m

The successive waves are therefore
2/ I 2

2’) l’ '5! 92 'r;’ &c'!
and the vibrations in the ratio of the fractions
1 11
1, 97 37 47

It will be observed that the fundamental note of the
open tube is an octave higher than that of the closed tube,
the wave length for the former being half that for the
latter.

The Furmation of Nodes and Loops.

194, Taking the case of a tube K closed at the end X,
the aerial particles at the end K are permanently at rest, while
those at A are in a state of permanent vibration. We have
stated, as an experimental fact, that a series of waves travelling
along HK in regular succession are reflected at X and travel in
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the opposite direction; and this fact ennbles us to acoount for
the existence of nodes and loops.

In order to give the required explanation we must first ex-
plain a method of representing geometrically the state of motion
‘ot the aerial particles in a wave.

P’Q
4 R

A N \_/
D .

Take AE as a wave length, and let the ordinates of the
curve ABCDE rcpresent the velocities of the several particles
parallel to the line A£; thus NP represents the velocity of the
particle at N, NP being drawn upwards when the velocity is in
the direction AZ, and downwards when the velocity is in the
opposite direction.

Hence, if two distinet sets of vibrations coexist along & line
of aerial particles, we can determine the resultant motion by
drawing the two curves for the two waves, and the algebraic sum
of the ordinates at any point will represent the resultant velocity
at that point.

Imagine now a wave travelling along 4 3, and impinging on
the fixed end K; this wave will be reflected and will travel
slong BA with reversed velocities,

In the figure the dotted line will represent the reflected
wave, and the effect of the reflected wave is the same as that of
a wave B'C’ travelling in the dircction K4.

It will be seen from the figure that the velocities at X from
the two waves are always equal and opposite, and that the re-
sultant velocity at K is always zero, in accordance with the
given conditions. In other words, the effect of the fixed end
K is replaced by the effect of a reversed wave travelling in the
opposite direction.
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It will also be seen that there is-a succession of points,
K, L, M,... at which the’ velocity is always zero, and a suc-
cession X', Z/,... at which the velocity varies between its great-
est values in both directions, the former set of poiuts being
nodes, and the latter loops.

Let a dotted line XPLQMR be drawn such that ita ordinate
at any point is the algebraic sum of the ordingtes corresponding®
to the iacident and reflected wave; this dotted line will repre-
gent the state of vibration of the airin the tube at the instant
considered, and it will be observed that while the points
K, L, M... are points of permanent rest, all the intermediate
points represent the positions of aerial particles which vibrate
steadily, their velocities being zero at regular intervals.

Thus, the opposing waves may be so placed that their ex-
tremities C, " may coincide at A”; in the figure this will occur
when the incident waves have traversed the space CK”, and the
opposing waves the space ("K', and at this instant the velocivy
at K" will be zero. Subsequently the two waves travelling
in opposite directions will produce at KX’ a velocity double that
of either, so that the velocity at A’ will then be a maximum,
the interval of time being that during which the vibration bas
traversed a space equal to one-fouith of a wave length,

It will be now clear that, if a permanent vibration be main-
tained at the open end /7, a succession of nodes and loops will
necessarily be formed in the tube, provided that the wave length
emitted from the end H is such as to satisfy the condition of
Art. (192). This condition is that the wave length should be
an odd submultiple of 4 times the length of the tube.

In a similar manner, if KH be a tube open at both ends, it
is found that a wave or a set of waves travelling along HK are
reflected at K, and traverse the tube in the direction /X, An
important difference however exists between the two cases; in
the former case the end X is a node, in the present case it is
& loop, the particles of air vibrating freely, and the density being
the same (very nearly) as that of the external air.

An analogous explanation will account in this case also for
{he formation of nodes and loops.

In the case of the tube closed at K, the reflected wave on
arriving at H is partly emitted into the open air and partly re-
flected, thereby reinforcing the mnew vibration which is at the
instant being excited at 4, and aiding to produoe another series
of waves which are again reflected at X.
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The effect which is thus produced on the ear is that of a
sustained note, the character of which depends on the material
of which the tube is formed, while its pitch and intensity depend
solely on the lengths of the constituent waves and the extent of
the vibrations of the aerial particles.

The zv%m produced by a Vibrating Cord.

195. A stretched cord in a state of vibration may
either oscillate as a whole, fig. (1), or in parts, as in figures

/‘—__-\
0]

— e (3)
R \

(2) and (3, the curved lines representing the actual posi-

tions at certain instants of the cord itself.

In any case the two ends are points of zero velocity or
nodes, and the wave corresponding to the fundamental
note has twice the length of the cord for its length on the
cord.

In general, if the wave length on the cord be L', the
length 7 of the cord must be some multiple of -é)\’,
ie Z=m%.

The velocity of propagation along the cord will depend
on its tension, thickness and density; and if " be this
’

velocity the time of vibration is %.
The pitch of the note produced is determined by the

time of vibration, and therefore, if A be the wave length
produced in air by the vibrations of the cord and thereby
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. conveyed to the.ear as a sound, and v the velocity of pro-
pagation in air, we shall obtain the note by the relation

ALY
v o .
since tho aerial vibrations are performed in the same time
as those of the cord.
H A2
ence - ==y
: v mo
and the wave lengths are

v o 2o v
Zy by 3o 32
These wave lengths give the series of harmonics pro-
ducible from the cord, and it should be observed that any
one may bo produced alone, or any number of them may
exist simultaneously.

196. Vibration of rods. We know that sounds are
produced by vibrating rods, and we can determine the
scrios of notes producible in any simple case by the consi-
derations of the preceding articles. A rod fixed at one
end and frec at the other, will havo for its fundamental
note a wave length four times its own length, the fixed
end corresponding to a node and the froe end to a loop.

The analogy between a vibrating rod and a vibrating
column of air will be now seen, but attention must be paid
to the fact that the vibrations of air which produce sound
are longitudinal, while the vibrations of a string are
transversal, and those of a rod may be cither transversal
or longitudinal.

A common instance occurs in the humming of a tele-
graph-post, which is probably due to a series of longitu-
dinal vibratious traversing the post in a vertical direction.

The transmission of sound through water is analogous
to the transmission of sound by means of longitudinal
vibrations along a rod, and is treated theoretically in ex-
actly the same manner.

197. The pitch of a note produced by a vibrating cord
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de_pends on the tension and substanco of the cord, and is
heightened by an increase of tension; and in a similar
manner the pitch of a note produced from a rod is found
to depend on its size and substance.

This is duc to the fact that the rates of propagation of
vibrations depend on the characteristics above mentioned,
and thus a long wave length, traversing a cord or a rod
very rapidly, may give rise to a short wave length in the
aerial vibrations which result from those of the cord or tho
rod, and a high-pitched note be produced.

Unison and Harmony of Musical Notes.

198. Two notes are said to be in unison when the
times of vibration, or the wave lengths, are the samo for

both.

The karmony of two notes consists in the recurrent
coincidence, at short intervals, of their constituent vibra-
tions; thus, if a note and its octave be sounded, the vibra-
tion belonging to the fundamental note coincides exactly
with two vibrations of the octave, and the two sounds are
said to be in harmony with cach other.

More generally two notes are in harmony when a small
number of vibrations bclonging to one of them coincides
exactly, in time, with a small number of the vibrations be-
longing to the other. An instance of this is tho harmony
of a note with its fifth in the diatonic scale, three vibra-
tions of the upper note being coincident with two of the

lower note.

199. Communication of vibrations. If two differont
bodies can vibrate in unison or in harmony with each other,
that is, if their fundamental notes are either in unison or
in harmony, it is a known fact that when one is set vi-
brating, the other, if not too far off, will vibrate also. The
reason is that the sound waves diverging from one body
impinge on the other, and when the vibrations of the latter
can be in harmony with those of the former, the slight
vibration at first established is maintained and intensified
by the continued impulses of the same aerial vibration.

.
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Thus a person singing or whistling in a room may some-
times hear notes sounding from thin glass jars or metallic
tubes, and these notes will always be in harmony with thé
note originally sounded.

200. Beats. When a note of a pianoforte is sounded
a series of alternations is generally to be noticed in the
intensity of the sound, these alternations, which are called
beats, occurring at regular intervals.

This phenomenon depends on the fact that there are in
general two strings to each note, which are intended to be
exactly in unison with each other. Practically the unison
is seldom perfect, and hence the two sets of waves do not
exactly coincide with each other.

The intensities are however very nearly the same, and
hence, when the vibrations of the two waves oppose each
other, a diminution of the intensity results, but when they
are in the same direction the intensity is increased.

Suppose that = and ' are the times of vibration of the
two notes; thenif & vibrations of one coincide with z+1 -
of the other, we have

re=7r(x+1),
1"

or r=—;
=7’

and - ;'_"—T is the interval between the instants of time

at which the vibrations oppose cach other, and is therefore
the period of the beats.

It is evident that the more nearly r and 7 are equal to
each other, the longer is the period of the beats, and the
less the number of beats heard while the sound is per-
ceptible.

Beats are also produced when two notes are very
nearly in harmony with each other; the explanation is
the same as for the simple beats above mentioned.

Tartints Beats. Again, when two notes are actually
in concord, a note is sometimes hoard in addition to the
two notes, and of lower pitch than cither. The gibrations
of the two notes coincide at regular intervals; these eain-

B, F. H, 13
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cidences are Tartini’s beats, and the effect of a scries of
puch beats, at regular and rapidly recurring intervals, is
that of a note which is grave in comparison with the ori-
ginal notes. This lower note is called a subharmonic of
the two notes by which it is produced.

Notes.

Velocity of sound. A ealeulation from theoretical principles
of this velocity was made by Newton, and again by Lagrange ;
the result obtained was about 916 feet per second.

This notable discrepancy between fact and theory remained
unexplained until Laplace remarked that the heat developed Ly
the sudden compression of the air would increase the elasticity,
and therefore increase the calculated velocity.

New calculations were made, and the result is in complete
accordance with fact.

The theoretical expression is V&S (1 + at), where 8 is the co-’
efficient introduced by the counsideration of the heat developed.

Intensity of sound after traversing pipes. Experiments were
made by Biot with some water-pipes in Paris, and it was found
that a whispered conversation could be carried on through a
pipe 3000 feet in length,

The use of speaking-tubes in large houses is another illus-
tration of the fact mentioned in Art. (185).

Vibrating Cords, 1t is found that the velocity with which
a wave traverses a stretched cord is the same as the velocity
which would be acquired by a hecavy body falling through a
vertical space equal to half a length of the cord of which the
weight is equal to its tension. In other words, if the weight of
a length I of the cord be equal to its tension, the velocity with
which a wave travels along it is /gl

The existence of nodes and loops in the case of a cord may
be practically manifested by placing on the vibrating cord small
pieces of paper, cut so as to ress on the cord; those which are
placed at the nodes will remain on the cord, while those which
are placed near the loops will be thrown off. .

The Monochord is a simple inatrument for trying the experi-
megt.s just mentioned, and for testing other resulta of theory.
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A cord fastened at one end is stretched over a sounding
board, and passing over a bridge is tightened by a weight at the
other end; the tension may bo varied by changing the weight,
and by means of another bridge, moveable along the board, the
length of the vibrating portion may be diminished. The notes
obtained for different lengths and different tensions can be thus
compared, and the wave lengths for different notes can be di-
rectly measured.

Practical sllustration of the interference of aerial vibrations.
From Art. (191) we can see that if two waves, exactly similar
to each other, travel in the same direction, and one be half a
wave length behind or Lefore the other, the result will be a
permanent quiescence of the aerial particles along the direction
in which the waves travel. .

This has been shewn visibly by an experiment, which is due
to Mr Hopkins. .

A straight tube 4B branches off at the end B info two por-
tions BC, BD; the end A is closed by a tight A
aembrane and fine sand is scattered over the

" membrane. A vibrating plate of glass is placed
beneath C' and D so that the two portions im-
mediately beneath € and D shall be in opposite
phascs of vibration. The waves thus produced
in OB and DB traverse these branches of the
tube, and arrive at B in opposite phases, that B
is, one is the half of a wave length before the
other, and therefore there is thcoretically no
resultant vibration in BA. Practically it is
found that the sand on 4 is undisturbed, but,
if the plate be turned round, the sand is irome-
diately thrown into a state of violent commo- ¢

tion.
—————a)

Beats. The theory of beats is given in.Smith's Harmonics,
published in 1749, Tartini’s treatise, in which the sounds called
by his name were first discussed, appeared in 1754, -

The diatonic scale. The ordinary or diatonic scale consists of
a series of notes, for which the times of vibration are in the
ratio of the numbers in the following table:
’ CDEFGABOC

8 4 3 2 8 8 1
Ly 285 1 2

13=2
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or, in other words, the numbers of vibrations per second are in
the ratio of

1,

that is, of the numbers
24, 27, 30, 82, 36 40, 45, 48,

As a matter of fact the actual number of vibrations corre-
sponding to the particular ¢ employed as a central note varies
in different places, and from time to time. As an ordinary
standard for the concert pitch of this note C, about 128 vibra.
tions in a second is taken ag making the note*, and the numbers
of vibrations for the several notes of the scale are then respec-
tively

’ ’ ? ’

15
’ ?’21

[--1C-
| o
Ol W
[ TN
@it

128, 144, 160, 170, 192, 214, 240.

The range of sounds appreciablo by the human ear
varies for diffcrent persons, but in general extends over
above nine octaves. A serics of aerial impulses will pro- _
duce the impression of a continuous note when they recur.
with such rapidity that tho ear cannot appreciate the suc-
cession of impulses, and it is found that this is the case
for a wave length of about 68 fect. On the other hand it
has been found that the highest note which is in general
appreciable has about eight-fifths of an inch for its wave

length.
* See Sponcer’s Treatise on Music, in Weale's Series.
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The equilibrium of fiuids under the action of any
gtoen forces.

201. In any field of force tho measure of the force at
any point is the force which would be exerted upon the
unit of mass supposed to be concentrated at that point.

Asin Art.(10), it can be shewn that the pressure at any
point is the same in all directions; for if we consider the
ethbrmm of a very small prism, the forces at all points
of the prism will be ultimately cqual and parallel and the
case then becomes the same as that of a prism under the
action of gravity.

202. The measure of the force at a point, in a given
direction, multiplied by the density, is equal to the rate of
change, per unit of length, of the pressure in that direc-
tion.

If P be the point, take any length P@Q in the direction
considered and describe a very thin cylinder about P@Q.

The equilibrium of this cylinder is maintained by the
pressures on its ends and on its curved surface and by the
external forces in action.

Therefore the difference of the pressures on the ends
P and @ is equal to the force on the cylinder in the
direction PQ, and, if a be the cross section, and PQ be
very small, so that its density may be considered uniform,
and the measure of force, f; the samo at all points of P@,
we have, taking p and p’ the pressures,

) (p'=p)a= quPQ,
80 that Rf = —.Pv N
which is the rate of change of pressure,
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203. DEr. Surfaces of equal pressure are surfaces in
the fluid over which the pressure is constant.

Surfoces of equal pressure are at every point perpen-
dicular to the resulling force.

. To prove this, consider two consecutive surfaces of
equal pressure containing between them a stratum of
fluid, and let a small circle be described about a point P
in one surface, and a portion of the fluid cut out by
normals through its circumference.

This small cylinder of fluid is kept at rest by theo
external force and by the-pressures on its ends and on its
circumference.

The pressures at all points of the circumference being
equal, the pressures on the two forces must bo counter-
balanced by the external force, which must therefore act
in the direction of these pressures, i.e. perpendicular to the
surfaco of equal pressure.

Again, if 4 be the distance at P between the consccu-
tive surfaces, we have, as before,

wid=p'-p,
so that pd ;n
and, in the case of a homogeneous liquid,
d a:.l? .

204. If in any field of force a particle be in contact
with a smooth surface, it will be in equilibrium if the
normal to the surface coincide with the direction of the
resultant force.

Surfaces of egquilibrium are therefore at all points
pervendicular to the resultant force.

If a particle be moved over a surface of equilibrium no
work is done against the force, and these surfaces aro
therefore surfaces of equal energy, or equipotential surfaces.
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If a particle of mass unit be carried along the normal
from one surface to ayother the work done is /. P@Q, which
is the change of energy and is constant ;

-~ J.PQ is constant.

Surfaces of equal pressure are also surfaces of equal
density ;

For pfd is constant and we have just shewn that /d is
constant, .. p is constant.

203. Examples. (1) A mass of liguid at rest under
the action of a force to a fixed point varying as the
distanee from that point.

The surfaces of equilibrium, and therefore of equal
pressure, aro clearly concentric spheres, and the free surface
is a sphere.

a

To find the pressure at any point P, take a thin
cylindrical column from P to the surface and observe that
its equilibrium is maintaincd by the pressurc at the end
P counterbalancing the attractive force.

If a be the cross section, OP =7, 04 =a, and if ur be
the force at the distance 7,

pa=force on the column 4P
=pa(a—7) p}(a+7), by Leibnitz’s theorem ;

<o p=dup (aF-1%).
The Pressure on a diametral plane
= Forco on a hemisphere

=2 Sa_1 rat
—ﬁpwa’.p. 3 =z ppma
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(2) ZLiquid at rest under the action of forces to any
number of centres varying as the distance.

The resulting force is directed to a fixed point and
varies as the distance from that point ; this case is there-
fore the same as the preceding.

(8) Liguid at rest under the attraction of a straight
rod, the molecules of which attract with fores varying
inversdly as the square of the distance.

If AR be the rod, it can be shewn by clementary
geometry that the direction of the resulting attraction at
any point 2 bisects the angle APRB; from this it follows
that the surfaces of equal pressure are confocal spheroids,
having their foci at 4 and B.
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WE shall now conclude with the solution of some”problems
of & more extended character than those which have been hitherto
discussed ; to these the student will find that the principles of
the preceding pages are directly applicable, but that a larger
demand than before will be made upon his skill in algebraic
operations.

(1) Centre of Pressure. A general expression can be ob-
tained for the depth of the centre of pressuro of any plane
area.

L& the area be divided by horizontal lines into a number of
very small portions, and let a be the area of one of these portions
and z its depth below the surface.

Then the pressure upon it=gpza, and if z be the depth of the
centre of pressure, we have by the usual formula for the centre
of a system of parallel forces,

T= Sypraz =(2%a)
T Sgpra S(za) ’
gp=(za) being the pressure on the whole area.

Ex. An isosccles triangle is immersed vertically, its base
being horizontal and its vertex 4 at a depth ¢ below the sur-
face.

Let AD=h4, . 5
AN=7r",and NM=—,
n n
the line A.D being divided into n equal portions,
Then PP’=2';%tan‘;: ’ mdz=c+r—:,
4

rh\3_ 12
Z(z'u)=2(0+ ;) 2.1‘ ’—{’:t&‘na .
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Taking the sum from r=1 to r=mn,

2@a)=2" Ztan tn 4 ic-z()+2"‘z(7c)+,’_:;z(,.s)§,

a

J w1 o n
Now “(r)"zn(n+l): E("‘)—§+§+6|
and = (78)'= izl(_n;—_l)%a;

TR, A
" 3 () =20 tan

LAWY (ML \ PP Uy
ooy e ga g ) eI,
and making » infinite this becomes

242 tan A( +3 ch ) .
Also 2 (gpaz)=the whole pressure
a, A 2
=gph‘ tan -2' (G+ éh) H

.. the depth of the centre of pressure

& 4 " I A
t3ch+ T 62y ek 4300
2 - 6c+4h

c+§h

(2) In the 2ud Example of Art. 53 the actual line of action
of the fluid pressure may be found by a geometrical process.
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Suppose OV, tho altitude of the cone, divided into small
equal parts NN’ and let horizontal planes through the points of
division mark out the surface of the semi-cone into a number of
semicircular rings.

X

O\E
P

v
Let PV be the radius of one of these rings; then the pres-
sure at every point of the ring, and therefore the resultant
pressure upon the ring, passes through the point F in the axis,
PF bging the normal at P.
Moreover, the pressure upon the ring «c ON (surface of ring)
«ON. PN,
o<ON.NV,
But if EX be the normal at E,
ON.NV<EP. PV,
. o<KF.FV.
Upon KV as diameter describe a sphere, and let FQ be the
ordinate of the sphere perpendicular to X'V ;
. KF . FV=FQ,
and the pressurc on the ring o< FQ?
Hence we have to find the centre of a number of parallel

forces acting at all points of K'F and proportional to the areas of
the soctions of the sphere passing through those points.

This is clearly the same as the centre of graviiy of the
sphere, and it is therefore the middle point of XV.

The line of action RS therefore passes through this middle
point R in the direction given by the equation
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tan 0=§ tan a,
where 6 is the inclination of RS to the horizon.

§ is therefore the centre of pressure.

KN

v
To find its position, we have

_RM_ RV-MV
tan 0= o = MV tana’
RV

LAY T

i 1 2tana.,

s MV= fV .

ks 2

1+2tanu

1 1

But RV:EKV=§EVsec¢;
}EVsec’a.
o SV=MVseca= - .
1+-2ta.n’a

v

(3) One asymptote of an hyperbola lies in the surface of a
Sluid; it is required to find the depth of the centre of pressure of
the area included between the immersed asymptote, the curve, and
two given horizontal lines in the plane of the hyperbola.

Taking O4, OB as the axes, let PN, P'N’ be two lines near
each other and parallel to 04,
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The pressure on the small area PN’
=gpON sin w. PN, NN’

Dut ON.PNsin w is the area of the parallelogram OMP.,
the constancy of which is a known property of the hyperbola.

Hence the pressure on PN’ varies as its vertical thickness,
and therefore the depth of the centre of pressure of any finive
area contained between two horizontal lines, the curve and the
asymptote, is half the sum of the depths of the horizontal lines,

(4) Having given the position of the centre of pressure of a
plane area increased vertically at a given depth, it i3 required to
Jind its position when the area is immersed in the same position to
any other given depth.

" Let K be the position of the centre of pressure when G the
centre of gravity is at the depth A.

If the depth be increased to A, the increase of pressure on
the area 4 is wA(h' ~ k) acting at G.

Take the point A” in GK such that

wAkl' . GK'=wdh . GK, or GK'=GK
+then K’ is the new centre of pressure.

(5) 4 triangular area is immersed with one angular point in
the surface; it is reguired to find its centre of pressure.

Dividing the base BC into a large number of equal parts,
the centre of pressure of an elementary triangle AP will be

at 3 point R such that AR=1 AP, P being the middle point of
the base of the elementary triangle,

]

.
?

r

"I
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g D

B

If AE =§ A B, the centre of pressure, K, of ABC will be on
the line EF parallel to BC.

Further, all the elementary triangles being equal, the pressure
on AP will be proportional to the depth of its centre of gravity,
and therefore will vary as RG.

Hence it follows that I is the same as the centre of gravity
of the frustum EF of a triangle, vertex &, and

-~ GK(GE - am)=§ (GE3 - GFY)

ex2 GE'+GE.EF+GP_1 BD'+BD.CD+CD?
o UR=g T GErGF 3° 7 BDFCD

If B, v be the depths of B and C,

1B+ Ay Y
the depth of K-_2 Biy

(6) We can now by the aid of (4) find the depth, z, of the
centre of pressure of a triangle ABC in terms of the depths
a, B, 7 of ita angular points.

Draw & horizontal plane through 4 and remove the liquid
above; then, if  be the depth of the centre of pressure
below A4,

,_1(8-a)*+(B—a) (y—a)+(y-a)?
-1 )

? B+v-2a
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Replacing the liquid, and taking S8 for the area, we have
a new pressure wSa at the centre of gravity, and therefore

wS¢+§+7z=wSﬁ+'g- 2a (z’+u.)+wS'aa+ﬁ+‘7

—g

or 2(a+B+7y) =0+ B+ v+ By +va+af.
If%, %, I be the depths of the middle points of the sides of the

triangle
’ s(h+k+l) =02 +12+1%

{(7)» A similar method may be employed to find the
centre of pressure of a sector of a circle with its centre in the
surface.

Taking the case of a sector with one bounding radius {c)
in the surface, divide the sector into a large number of small
triangles ; the centres of pressure of these triangles will be on
the arc of a circle of radius io, and it can be shewn, by the
summation of a trigonometrical series, that the depth of the centre
of pressure is

3¢ 2a-sin 2a
16 T-cosa '
2a being the angle of the sector.

(8) A cylindrical vesscl, open at the lop, is inverted and
pusked down versically in watcr; the substance of the vessel being
of greater density than water, it i3 required to prove that, at a
certain depth, it will be in a position of equilibrium which for
vertical dispiaccments is unstable.

As the vessel is forced downwards the pressure of the water
compresses the air within, and there must be some depth at which
the air will be so compressed that the weight of the water displaced
by the vessel and the air is exactly equal to the weight of the
vessel and air together. At this point there will be equilibrium;
but, if the vessel be slightly lifted, the air within will expand,
and the weight of water displaced will be too great for equi-
Aibrium ; hence the vessel will ascend. If on the other hand it
be slightly depressed, a further compression of the air will take
place, and the vessel will then descend.

(9) A square laminag floats with its plune vertieal and one
angular point below the surface; it is required to find #s positions
of equilibrium.

Let PQ be the surface of the liquid, @ the centre of gravity
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of the square, and A of the liquid displaced, E being the middle
point of PQ,

N
(']

Then, if OP=z, and 0Q=y, and if p, ¢ be the densities of
the liquid and the lamina, and 2a the side of the square,

-;-pxy= 40a% orzy=8 i; a®=c? suppose.

We have now to express the condition that GH is vertical.

Draw HN perpendicular to OP;
Then ON=;@ and HN=}y.

Hence, if GM, HL be perpendicular and parallel to OP, the
tangent of the angle which £/ makes with OP

. 1
_@L_GM-HN_°~37
THLTOM-ONTT 1

a—g:o

but this angle is the complement of OPQ, of which the co-
tangent is ;;
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This equation gives z=y,
z+y=3a.
The first result gives the symmetrical position of equiflibrium,
for which z=y=c.
From the second,

c?
e+ _=

- _—*,\/?i‘f_c:

a
Hence, ify—>c’, Le. lf >——2 there are two other posi-

4 . 9’
tions of equilibrium.
If E_’ = 3-52, it will be seen that these three positions coin-
cide, ’

(10) 4 vessel in the form of a paraboloid is immersed with its
open end downwards, in a trough of mercury. Supposing the
length of the axis of the vessel to be to the height of the barometer
as 45 is to 64, it is required to find the depth of the surface
of the mercury within the vessel when the whole vessel is just
.immerud.

Let AM be the height of the vessel, and % the height of the
barometer ; then

. 45

If PN be the surface of the mercury within the vulel, and
I’ the pressure of the air within,

I’ _ volume AQM _ AM?
T = volume APN  AN3’

but II'=I1+gcAN, and Nl=goh;
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vy i AN=g,
’L‘E’_ (45 "

or 23+ k= (;—i) B3,

this becomes

28 + 1622 = 459,
from _which we find easily by trial z=9,

Wrmng 16 Ztor? i

9
and % AN_I&"'

(11) A cylindrical vessel contains a given quantity of fluid.
In this fluid is placed another cylindrical vessel of half the
diameter of the first and containing half the quantity of fluid
which is of half the specific gravity of that in the first vessel
In this second vessel is placed a third related to the second as
the second is to the first; and so on indefinitely. Find the dis-
tance between the surfaces of the first and ntt fluids, neglecting
the weights of the vessels.

Let p, ;P» 23, p, &c. bo the densities,

ngh :zr, «s the radii, and

hy, kg, kg, ...... the heights of fluid in the respective
cylinders,

- ’ ’
Then #¥,=2 (;) h=2(3) b= 22 (f—_l) hos
v hy=2% T,

If xr2h =V, the whole weight of ﬂuld in all the cylinders
beginning with the second

1V P
=gp GE +2—=§i+ o to mﬁmty)

. 1,
: , =a9pV.
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This whole weight is floating in the fluid of the first cylinder,
and therefore if 2 be the depth imuersed of the second cylinder,

%2 1 1
gp-7 =590V =39071h,

whence z=§ k.

But the effect of this immersion is to raise the surface in the
ﬁ'rst cylinder to a certain height z such that

’2
2
™z - %= w2k,

or:c:_ﬁ,h.
J

The base of the second eylinder therefore just descends to
the base of the first, aud the sawe is the case with all the suc-
cessive cylinders,

Hence the successive heights of the surfaces above the base
are

é 40 40?
372, Esuk, gnh, &e.

and the required distance is

4
p on—1 __
3 (2% 1--1),

(12) A straight tube A BCD of small bore is bent at B and C
80 as to make 48C and BCD right angles, AD being equal to
CD. The tube thus formed is moveable in a vertical plane
about its centre of gravity, and being placed with BC horizontal
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aud downwards, water is poured in (at 4 or D) so that ¢ ia the
length of B4 or, CD occupied by the fluid, It is required to
determine the condition of stability.

Let BC'=2q,’ and iake b as the distance of @, the centre of
gravity of the tube, from BC, and P, Q, as the surfaces of
the water.

Turn the tube through a small angle  so that P’, Q' are
the new surfaces, and therefore

PP'=QQ =atan .
If the moment of the weight of the water about @ be in

the direction opposite to the displacement, the equilibrium will
be stable.

Taking x as the area of & section of the tube, this monzent
=gpx {2absin 8+ (¢ - a tan §) EN — (¢ +a tan 0) £’ N'},

E, E being the middle points of P'B, Q'C; EN, EN’ perpen-
diculars on the nmew vertical through' G, and FL perpendicular
to EN.

But EN=LN+BFcos@—-EBsinf
=bain0+am0—%(c-atan0)sin0,

> and E'N’=acoso+g(c+atan0)sin0—bsin0.

Hence, supposing @ very small, sin §=0, cos §=1, and the
moment .

=gpn§2¢bﬂ+(c-—a9) (bo+a—% ca) —-(c+ab) (a-b0+%ca)z
=gp«x (2ab8 + 2bc8 - 20 - 2a%0),
and this is positive if
2ab +2be >2a%+ 8,
or o* - 2bc +b* < b+ 2ab - 242,
If ¢> b, this leads to

e<b+ ~/b’+ 2ab - 2a%,
e<d, to
e>b- /874 2ab - 243,
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If we suppose the ends A . D, joined by a continuance of the
tube and the figure A BCD to be a square, b=a, and the con-
dition is simply

¢<2q,
80 that in this case the equilibrium is always stable, *

(18) A rectangular lamina floats with two of its sides ver-
tical in a liquid; it is required to
determine when the equilibrium is
stable for a small angular displace- L
ment such that the volume of liquid
displaced remains unchanged.

In the figure let PQ be the line
in the surface, and P’Q’ the line in
the surface in the displaced posi-
tion; H the centre of gravity of
the liquid displaced in the position p|
of equilibrium, and K, L the cen- |
tres of gravity of the triangles P
EQQ, EPP'.

Draw HN, KM, LM’ perpen- B A [}
dicular to the horizontal line through @.

Then, if GA=0, EA=c¢, BC=2a, and f=the small angle
QEQ’, the moment about @, tending to turn the rectangle back
to its original position,

=gp (: a0 GM +1a% . G2 - 20 .GN),
but GM=-2§ a-EG.0, GM’=_§¢+EG. 6, and GN=IG.0;
«*. the moment=gp (% a30 - 2acl. EG) ’
at
which is positive if HG <§c ,

3
b—;<gc.

Let m be the point in which the line of action of the fluid
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pressure after displacement meets HG; then the mioment above
considered is equal to
gp2ach . Gm,

and, equating the two expressions, we obtain

2 &~ 200HG =20¢ (Hn — H);

a?
o Hm= 3—0-
o
This point m is the melacenire, and we thus see that the
stability depends on the position of this point with regard to @,
as in Art. 63.

(14) A cylindrical wessel, containing liqurd, is raised up-
wards from rest with a given acceleration ; it 18 required to deter-
mine the pressure at any point of the liquid.

The acceleration here snpposed may be obtained by attaching
the vessel to a string passing over a fixed pulley, and having a
weight at its other end; but, however the acceleration be ob- "
tained, the fact to be considered is that every clement of the
liquid ascends with a constant acceleration.

Taking P a point in the surface, imagine a thin prism PQ of
the liquid to become rigid, and observe that its vertical acccle-
ration is caused by the pressure of the liquid on the cud @, the
atmospheric pressure on the end P, and the weight of the
prism.

If PQ=z, p=the pressure at @, k=tho arca of a section of

the prism, and f=the given acceleration, we obtain, by aid of
the second law of motion,

paxf=px - Ik - grzx ;
A p=n+p= (g+f).
Hence the whole pressure and the resultant pressure on the

surface may be obtained as in the case of a liquid at rest, writing
g+fforg.

(13) A closed wvessel, just filled with liguid, slides down a
smooth inclined plane; when the hquid is in a state of reiative
equilibrium it s required to find the pressure at any point and the
surfaces of cqual pressure,
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Every element of the liquid moves in a straight line with &
constant acceleration g sin a, and since the forces on any ele-
ment are the resultant fluid pressure upon it and its weight, it
follows that the resultant of these forces is mgsin a, parallel to
the plane, = being the mass of the element.

Tt is hence easy to sec that the resultant pressuro is perpen-
dicular to the plane and is equal to mg cos a.

Whatever be the shape of the element, the resultant fluid
pressure upon it in the direction parallel to the plane is zerd, and
therefore it follows that the surfaces of equal pressure are planes
parallel to the inclined plane, and that the surfuce of the liquid
is the plane through its highest point parallel to the inclined
plane.

If there be no air within the vessel the pressure at the sur-
face is zero, it being given that the vessel is only just filled, or,
which is the same thing, just not filled.

Taking z as the depth of a point in the liquid below the sur-
face thus defined, and drawing a thin cylinder or prism from
this point to the surface, the pressure on the base will be the
resolved part of the weight of the prism perpendicular to the
plane, and, as before,

PK=gp=Kcop a,
or p=gpzcosa.

‘

As in the previous¥article the whole pressure and resultant’
pressure may be obtained, employing g cos a for g.

The reasoning employed in this and the preceding example is
applicable to any analogous case, that is, to any case in which
the fluid, while bodily in motion, is within its own mass in a
state of relative equilibrium.
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¥1. A triangle 4 BC is immersed in a fluid, its plane being
vertical, and the side 4 B in the surface. If O be the centre of
the circumscribing circle, prove that pressure on triangle 004:
presaure on triangle OCB :: 8in 2B : sin24.

v 2. Water is gently poured into a vessel -of any form; prove
that when so much wator has been poured in that the centre of
gravity of the vessel and water is in the lowest possible position,
it will be in the surface of the water.

8. A closed hollow cone is just filled with liquid, and is
placed with its vertex upwards ; divide its curved surface by a
borizontal plane into two parts on which the whole pressures
are equal.

Also do the same when the vertex is downwards.

4. If the cons be placed on its sideyon a horizontal table,
compare the whole pressures on the curved surface and the base.

. b. A triangle A BC has its plane vertical and the side 4B
in the surface of a liquid; divide it by straight lines drawn from
4 into n triangles on each of which the pressure shall be the
same.

8. A solid displaces %, % and iof its volume respectively
when it floats in 3 different fluids; find the volume it displaces
when it floats in a mixture formed, 1st, of equal volumes of the

fluids, 2nd, of equal weights of the fluids.

¥, A float is made by attaching to o hemisphere (radius )
s cone of the same base, and axis of length 2r. If this will
float in & fluid A4 with the cone just immersed, and in a fluid B
with the hemisphere just immersed, compare the densities of 4
nd B.
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48. Compare the whole pressures on the curved surface and ,
plane base of a sclid hemisphere, radius , immersed in water
with its base horizontal and at a depth (¢).

Note. The centre of gravity of the portion of the surface of
a sphere contained between two parallel planes which intersect
or touch the surface is equidistant from the planes.

9. A parabolic lamina floats in a liquid with its axis vertical

and vertex downwards; having given the densities, o, p, and

* the height (k) of the parabola, find the depth to which its vertex
is immersed.

10. A heavy sphere, weight W, is placed in a vertical
cylinder, filled with atmospheric air, which it exactly fits. Find
+ the density of the air in the cylinder when the sphere is in a
preition of permanent rest, r being the ra.dlus and % the height
of toe cylinder.

11. If half a second be the unit of time, and the acceleration
of a falling body that of acceleration, determine the ratio of the
unit of density to the denmty of distilled water, in order that the
formula, p=gpz, "may give the pressure in pounds.

12. A come/ of ﬁven weight and volume, floats in a given
fluid with it8 ‘vertdx downwards; shew that the surface of the
cone in contact yx’x ithe fluid is lcast, when the vertical angle of

the cone is 2 tan™ ~/
L)

13. A hollow sphere is filled with fluid and a plane drawn
through the centre divides the surface into two parts, the total
normal pressures upon which are as m : 1; find the position of
the plane and the greatest and least values of m.

14. A uniform tube is bent into the form of a parabola, and
placed with its vertex downwards and axis vertical: supposing
any quantities of two fluids of densitics p, p’ to be poured into it,
and », » to be the distances of the two free surfaces respectively
from the focus, then the distance of the common surface from

the focus will berp :P

J 15. If water be the standard sabstance, 4 feet the unit of
length, and 2 seconds the unit of time, find the unit of weight
iu the equation W=gpV, assuming 82 as the value. of g when &
foot and a second are units.
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16. If there be n fluids arranged in strata of equal thickness,
and the density of the uppermost be p, of the next 2p, and so on,
that of the last being np; find the pressure at the lowest point
of the n'* stratum, and thence prove that the pressure at any
point within a fluid whose density varies as the depth is propor-
tional to the square of the depth.

17. A fine tube, bent into the form of an equilateral trian-
gle with its vertex upwards and base horizontal, contains equal
quantities of two liquids, each liquid filling a length of, the tube
equal to a side of the triangle. I’rove that the height of the
surface of the lighter fluid above that of the heavier : the alti-
tude of the triangle :: p'~p : p'+p, p and p’ being the den-
sities,

18. A cylinder is filled with equal volumes of n different
fluids which do not mix; the density of the uppermost is p, of
the next 2p, and so on, that of the lowest being np: shew that
the whole pressures on the different portions of the curved sur-
face of the cylinder are in the ratio

12 ; 22 ;: 3% ... w2,

19. Equal volames of n fluids are disposed in layers In a
vertical cylinder, the densities of the layers, commencing with
the highest, being as1: 2 :......: n; find the whole pressure on
the cylinder, and deduce the corresponding expression for the
case of & fluid in which the increase of density varies as tho
depth. .

Also, if the n fluids be all mixed together, shew that the
pressure on the curved surface of the cylinder will be increased
in the ratio 32 : 2n+ 1.

20. A hollow cone floats with its vertex downwards in a
eylindrical vessel containing water. In the position of equili-
brium the area of the circle in which the cone is intersected by
the surface of the fluid bears to the base of the cylinder the

ratio of 6 : 19. Prove that, if a volume of water equal to 1—:;‘.115

of the volume originally displaced by the cone be poured into
the cone, and an equal volume into the cylinder, the position in

space of the cone will remain unaltcred, .

d'21. A body is wholly immersed in a liquid and is capable of
motion about a horizontal axis, It is found that the total pres-
sure of the fluid on the surface is increased by 4 when the body



Problems. 219

is turned through one right angle, and further increased by B
when it is turned through another right angle. Prove that the
difference between the greatest and least pressures on f.he sur-

face ia V2(47 1+ B9).

22. A frustum of a right cone, formed by a plane parallel
to the base and bisecting the axis, is closed and filled with fluid
by means of a thin vertical pipe, which is also filled. If the top
of this pipe be on a level with the vertex of the cone, find the
whole pressure on the curved surface, and if this bear to the
pressure on the base the ratio of 7 to 6, find the vertical angle of
the cone.

23. If in the last example the base be removed, and the
vessel then placed on a horizontal plane, and filled to the top of
the pipe, find the least weight of the vessel which will prevent
its being lifted.

24, An open cylindrical vessel, axis vertical, contains water,
and a cone the radius of which is equal to that of the cylinder
is placed in the water vertex downwards. Prove that, in the
position of equilibrium, if the density of the cone be one-eighth.
of the density of water, the surface of the water will be raised
above its original level through a height equal to one-twenty-
fourth the height of the cone.

V25, A solid cone of wood (density o) rests with its base
on the plane base of a large vessel, and water (density p) is then
poured in to a given height; B a piece of the same wood is then
attached by n string to the vertex of the cone so as to be wholly
immersed ; tind what the size of the piece must be in order that it
may just raise the cone,

26. An clliptic lamina floats with its plane vertical in a
liquid of twice the density of the lamina, 1st, with its axis ver-
tical, 2ndly, with its axis horizontal; determine in each case
whether the equilibrium is stable or unstable, the lamina being
displaced in its own plane,

27. A regular tetrahedron has one of its faces removed
and is filled with fluid ; the other faces, which are capable of
moving round the lowest point, are kept together by means of
strings which join the middle points of the horizontal edges of
the vessel ; shew that the tension of the strings is to the weight

of the fluid as/3 to 44/2.
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\28. A number of weights of different densities are attached
to points of a thin weightless rod. Find the density of the fluid
in which it is possible for them to rest, when all are totally im-
mersed.

If there be three weights W, Wa, Ws, of densities p,, pg, p,,
respectively, and x, y be the distances of W), W, from W, the
middle weight, shew that, in order that the system may rest in
equilibrium in any position when totally immersed in the cor-
responding fluid, the following condition must hold true,

AN ()5 )
Walpe p1) " Wilp ™~ o Wa \pp p/°

29, Two heavy liquids rest in equilibrium, one on the top
of the other; one extremity of a heavy rod of length (@) is fixed
at a given depth (¢) in the lower liquid, and the other end reaches
into the upper liquid. Tind the positions of equilibrium, and
determine whether they are stable or unstable.

30. A glass cylindrical vessel is inverted and plunged into
water; by inclining the vessel half the air is atlowed to escape,
and the cylinder is then held vertically with the open ond im-
mersed and raised until onc-fourth only of its length is- Qelow
the suiface; find the height of the water within.

31. A parallclogram is immersed in a fluid with a diagonal
vertical, one extremity of which is in the surfacc of the fluid.
Through this point lines are drawn dividing the parallelogram
into three equal parts. Compare the pressures on these three
parts; and, if P, be the pressure on the middle part, and P P,
those on the other two, prove that

16/=11 (P1+Pa).
32. If a solid right cone whose angle is 2a be immersed in
a liquid with its vertex in the surface and axis vertical, prove
that if P be the whole pressure on the curved surface and basz,
and P’ the resultant pressure,
P _2+3sina
P~ sina °
Also, determine this ratio when the axis is inclined at an
angle 0 to the vertical, @ being less than the complement of a.

83. Three faces of a regular tetrahedron, which rests with
the remaining face on a horizontal table, are heavy plates capa-
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ble of moving about their horizontal edgas. If they fit acou-
rately and the tetrahedron be filled with flnid through a small
hole at the vertex, shew that it will hold together if the ratio of
the weight of each plate to the weight of the contained fluid be
not less than 9 to 2.

84. A vertical cylinder is closed by an airtight piston, and
when the piston is at the top of the cylinder it is filled with
vapour at a given pressure: if temperature be such as would
maintain vapour of three times the density, find the least weight
of the piston which will not condense the whole of the vapour.

35. If a Differential Thermometer be constructed with un-
equal bulbs, will it shew any indication of a change of tempera-
ture to which both bulbs are subject?

36. A thin conical surface (weight W) just sinks to the
surface of a fluid when immersed with its open end downwards;
but when jinmersed with its vertex downwards a weight equal to
m W must be placed within it to make it sink to the same depth
a8 before.  Shew that if @ be the length of the axis, and X the
height of a column of the fluid, the weight of which equals the
atmospheric pressure,

87. If 4 be the area of the section of each pump of a fire
engine, ! the length of the stroke, n the number of strokes per
minute, B the area of the hose, find the meun velocity with
which the water rushes out.

38. A piston without weight fits into a vertical cylinder,
closed at its base and filled with air, and is initially at the top of
the cylinder ; water being poured slowly on the top of the piston,
find how much can be poured in before it will run over. Ex-
plain the case in which the height of the cylinder is less than
the height of the water barometer.

89, Within a cylinder of height @, open at the top, is placed
another cylinder of the same height, and half the content, closed
at the top, and a quantity of mercury sufficient to fill the inte-
rior oylinder is poured into the exterior. If xand y be the dis-
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t;noel of the surfaces in the two cylinders from the top, prove
that

Yy-a=h,
and find  and y; & being the height of the mercury barometer.

940. The sides of a rectangle are in the ratio r : 4, and
semicircles are described on the longer sides as diameters. Prove
that, if the rectangle be immersed in water, with one of the
shorter sides in the surface, the pressure on the two parts ex-
ternal to both semicircles will together be equal to that on the
part cominon to them,

41. A plane rectangular lamina is bent into the form of a
cyliudrical surface of which the transverse section is & rectan-
gular hyperbola. If it be now immersed in water so that firsg
the transverse, secondly the conjugate, axes of the hyperbolic
sections be in the surface, prove that the horizontal pressur: on
any tho same immersed surface will be in the two cases the
same.

42, A double funnel formed by joining two cqual hollow
cones at their vertices stands upon a horizontul plane with the
common axis vertical, and fluid is poured in until its surface
bisects the axis of the upper cone. Lf the fluid be now on the
point of escaping between the lower cone and the plane, prove
that the weight of either cone is to that of the fluid 1t can hold

as 27 : 16

43. A rquare lamina 4 BCD, which is immersed in water,
has the side 4.8 in the surface; draw a line BE to a point £ in
D such that the pressures on the two portions may be equal,
Prove that, if this be the case, the distance between the centres

of pressure : the side of the square :: 05 : 48,

44. A cubical vessel, having one of its vertical sides move-
able about a hinge in the base, is filled with water, the move-
able side inclining inwards; prove that the tangent of its in-
clination to the horizon is to unity as the weight of the side is to
the weight of the water conta.mad by the vessel when the side i
vertical.

45. A semicircular area is immersed in & liquid with its
bounding diameter in the surface; find the pressure on any por-
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tion of the area contained between two radii, and find the area
contained betwecn the surface and a radius such that the pres-
sure upon it may be one-fourth of the pressure upon the whole.

46, A vertical cylinder is filled with liquid; find the centre
of pressuro of the portion of its curved surface contained be-
tween two vertical planes through the axis.

47. TFind the centre of pressure of the surface contained
between two planes drawn through a radius of the top of the
¢ylinder, and through the extremuties of that diameter of the
base which is perpendicular to the radius.

Also, find the centre of pressure of the same surface when
the cylinder is inverted,

48. A soiid, in the form of a right pyramid, the base of
which is a regular polygon of # sides, is completely immersed in
a liquid, with its base vertical; find the direction and’magnitude
of the resultant pressure on its inclined surfaces.

Solve the same question when the base is inclined to the ver-
tical at a given angle.

49. An oblique cone on a circular base is completely im-
mersed in water with its base vaitical; find the resnltant pres-
sure on the curved surface.

50. A vessel in the form of an oblique coné on a circular
buse is held with its base horizontal and vertdx downwards and
18 filled with liquid; find the resultant pressure on the surface
aud its point of action.

51. If a parabolic area be just immersed in water, and be
turned about in a vertical plane so that the surface is always a
tangent, prove that the centre of pressure of the part above u
fixed horizontal plane lies in the diameter through the point of
contact and at a given distance from that point.

" 52. A portion of a right circular cone cut off by a plane
through the axis and a plane perpendicular to the axis is im-
mersed in fluid with the vertex in the surface, and axis vertical ;
shew that the resultant horizontal pressure on any part of the
curved surface intercepted between two horizontal planes will
pass through the centre of gravity of the intercepted portion of
the cone.

53. In exhausting & receiver by an air-pump a cloud is
sometimes seen in the receiver; explain the cause of this.
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54. A hollow sphere is just filled with liquid; find the Jine
of action and magnitude of the resultant pressures on either of
the portions into which it is divided by a vertical plane through
its centre.

§5. A hollow cone, vertex downwards, is filled with liquid;
find the direction and zagnitude of the resultant pressure on the
portion of its surface contained between two vertical planes
through its axis,

56. Solve the same question when the vertex of the cone is
upwards,

57. A hollow cylinder is closed at one end and open at the
other, and a fixed stop perpendicular to the axis divides the
cylinder into two equal parts cutting off the communication be-
tween the parts; the weight of the whole cylinder is balf the
weight of the water which it would contain. Prove that if the
cylinder be placed mouth downwards in water the depth of the
stop in the position of rest will be only half as great as if a hole
had been made in the stop.

v58. If a thermometer plunged incompletely in & liquid
whose temperature is required indicate a temperature ¢, and 7 be
that of the air, the columnn not immersed being m degrees, prove

m(t-7) 1 bei

G180 +7-m’ 6380 B
the expansion of #hercury in glass for 1° of temperature, assum-
ing that the temperature of the mercury in each part is that of
the medium which surrounds it.

that the corrcction to be applied is

59. A weightless cone is very nearly filled with liquid and
inverted on a horizontal table; the liquid is made to rotate with
an angular velocity w, and the pressure required to keep the
cone in contact with the table is equal to three times the weight
of the liquid; prove that

- g
w—2eota\/§h,

where % is the height of the cone, and a the semivertical angle.

60. A right circular cone is constrained to rest in a fluid
with its axis horizontal and the highest point C of its base in the
surface of the fluid. Find the magnitude and direction of the
resultant fluid pressure on the curved surface of the cone, and
determine the vertical angle of the cone when the direction of
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this pressure (1) passes through C, (2) is parallel to a generating
line. Shew also that its direction can never be perpendicular to
a generating line.

61. A conical vessel, having its vertex downwards, is filled
with two liquids which do not mix, their common surface bisect-
ing the axis; compare the whole pressures on the two portions of
the surface.

62. A tube, in the form of an equilateral triangle, is filled
“with equal volumes of three liquids, the densities of which are
as 1:2:3; if the tube be held with one side horizontal, and
the opposite angle upwards, prove that the common surfaces of
the liquids divide the sides in the ratio 1 : 2.

63. An open hemispherical cup, filled with water, is placed
on a horizontal table, and the whole is made to rotate uniformly
about its vertical radius; prove that the pressure on the table
: the original weight of liquid :: 8¢ — 3w : 8g.

64. A hollow vessel in the shape of a wedge of a eylinder,
formed by two planes through its axis, is filled with water and
closed at the top; it is then made to rotate uniforinly about the
axis, which is vertical ; find the pressure on the top.

65. In the previous problem find the whole pressure on the
curved surface of the cylinder.

66. An isosceles triangular prism, the vertical angle of
which is a right angle, floats in water with its edge horizontal,
and its base above the surface, find its positions of equilibiium,

J67. A cone is totally immersed in a fluid, the depth of the
centre of its base being given. Prove that P, P, P", being the
resultant pressures on its convex surfuce, when the sines of the
inclination of its axis to the horizon are 8, 8/, 8”, respectively,

T P2 ")+ P3(s" - 8) + P (s—5") =0,
68. A hollow cone filled with liquid is suspended freely

from a point in the rim of its base; prove that the total pres-
sures’on the curved surface and the base are in the ratio

1+11sin% : 12 sinda.

69. A hollow cone without weight, closed and filled with
water, is suspended from a point in the rim of its base; if ¢ be

B.E. H. . 15



226 ' Problems.

the angle which the direction of the resultant pressure on the
curved surface makes with the vertical, and a the semi-vertical
angle of the cone, prove that

28 cot a4 cotda
B

70. A heavy uniform chain is suspended from its two ends
under water; prove that its form will be the same as if siuspended
in air.

cot o=

71. An open conical shell, the weight of which may be
neglected, is filled with water, and is then suspended from a
point in the rim, and allowed gradually to take its position of

equilibrium; prove that, if the vertical angle be cos-li, the

surface of the water will divide the generating line through the
point of suspension in the ratio of 2 : 1.

72. A tube of small bore in the form of an ellipso is half
filled with equal volumes of two fluids which do not mix; find
in what manner the tube must Le placed in order that the free
surfaces of the two fluids may be the extremities of the minor

axis, .

73. If any curved surface, having for its base a plane area
A and enclosing a volume V, be totally immersed in a fluid, find
the resultant pressure on the curved surface, when the depth of
the centre of gravity, and the inclination to the horizon, of the
plane of the base are given.

If P,, P,, Ps,bo these resultant pressurcs when the depths of
the centre of gravity of the base, in a fluid of density p, are z, g, 2
respectively, and the inclinations of the base to the horizon are
the same, shew that

P3(e-9)+ Pi(z-2) + Pa(y-2) =g%* 42 -3) (£ - 9) (s - 2).

74. « A heavy chain is suspended from two points and hangs
partly immersed in a fluid; shew that the curvatures of the
portions just inside and just outeide the surface of fluid are as
p—0 :p, pand ¢ being the densities of the chain and fluid,

75. Close to the base of a vertical gylinder there is a small
aperture turned upwards as in the figure, Art. 170, but, instead
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of the surface in the cylinder being free, a heavy piston rests
upon it ; find the height to which the jet rises.
76. A ball of lead is let fall in water; assuming that the

pressure of the water is the same as if the ball were not in mo-
tion, find its velocity ut any given depth,

77. A weightless inextensible envelope full of air floats in
equilibrium in the receiver of an air-pump; find the velocity of
its descent after » strokes of the piston, supposed instantaneous,
-and made at equal intérvals.

78. If the volume of the receiver be n times that of the
piston, and if » be the limit of the above velocity when n is infi-
nite, and »' the velocity which would have been obtained in vacuo
in the same time, shew that v/ =cv.

79. A spherical bubble of air ascends in water; having its

size at depth o, find its size when its depth is  a.

80. A vertical cylinder containing water is made to rotate
with a uniform angular velocity about its axis: if :ith of the

axis of the cylinder was above the surface before the rotation
commenced, shew that the greatest angular velocity that can be
given to the cylinder, without causing any of the water to leave

the cylinder, is
2 gh)i
a.( n/’

where % is the height of the cylinder, and a the radius of it
base.

81. A bent tube 4 BC contains fluid, and the tube rotates
nniformly with an angular velocity a.bout the leg A B, which is
Yertical : find the position of equilibrium of the Auid.

If I be the whole length of tube occupied by the fluid, and
the angle 4 BC'=a, examine the case in which w’> 21001;’

82. Two equal uniform rods 4 B, 4C are rigidly connected
at 4, and the syltem floats symmetnca.lly with the point 4
downwu'da.
15—2
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If a be the length of each rod, and ¢ the length of each im-
mersed, prove that the equilibrium will be stable fur a small an-
gular displacement in the vertical plane, of the rods if

. ¢ (3 —cos w)>a (1+cos w),
where w is the angle BAC.

83. A hollow vertical polygonal® prism, open at both ends,
rests upon a horizontal plane; every two contiguous faces are
moveable about their common edge. Supposing the prism to be
in equilibriam, when filled with fluid, prove that

¢ € e _

sina, sinay sina,

@), @, @... being the angles of a transverse section 44,4,
...4s4), and a1, €3, ¢3,...denoting the lines 4,44, 4,43, 4,4,,...

84. Two cylindrical vessels containing water are suspended
with their axes vertical to the ends of a string passing over a
fixed smooth pulley in a vertical plane ; neglecting the weights of
the vessels, compare the whole pressures, during the motion, on
the curved surfaces of the cylinders.

85. Through the plane vertical side of a vessel containing
fluid, small holes are bored in the circumference of a circle,
which has its highest point in the surface of the fluid ; shew
that the trace of the issuing fluid on a horizontal plane through
the lowest point of the circle is two straight lines.

86. A tuning fork held over a glass jar of a certain depth
has its sound greatly augmented; but a jar an inch deeper, or
an inch shallower, produces but a slight augmentation, Why is
this the caset

87. On clapping your hands near a long railing, & sound i-
heard resembling that produced by the swift passage of a switch
through the air; state the cause of this sound.

88. A hollow cone, vertex downwards, and containing
liquid, is attached to a string passing over a pulley and support-
ing at its other end a given weight: determine the motion and
find the whole pressure of the fluid on the cone and also the
resultant pressure.
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89. Two vessels contain air having the same pressure II but
different temperatures ¢, £'; the temperature of each being in-
creased by the same quantity, find which has its pressure most
increased.

If the vessels be of the same size, and the air in one be fo;eed
into the other, find the pressure of the mixture at a temperature
zero.

90. The temperature of the air in an extensible spherical
.envelope is gradually raised from 0° to ¢°, and the envelope is
allowed to expand till its radius is n times its original length;
compare the pressure of the air in the two cases.

91. A cylindrical vessel, closed at both ends, and placed so
that its axis is vertical, is half filled with mercury at a tempera-
ture 0°C, the remaining space being occupied by air at the same
temperature. The expansion of mercury between the tempera-
tures 0° and 100° C being 018 of its original volume, and that
of air "8605 of its original volume for the same pressure, shew
that if the temperature be raised to 20°(C the pressure of tlre
air will be increased in the ratio 1-0772 : 1.

92. If a given body lose in air, when the height of the
barowmetric column is &, the mtd part of its weight, find what
part of its weight it will lose when the height of the barometric
coluwnn is %,

93. The specific gravity of mercury compared with that of
water at (8° is 13-568 and at 2129 is 13-704. 1f the expansion

of mercury Letween these puints be , th of its volume at the

1
69
lower temperature, find that of water between the same points.
94. A hemispherical bowl is filled with water; if the internal
surface be divided by horizontal planes into = portions, on each
({ which the whole pressure is the same, and %, be the depth of
the 7th of these planes, prove that .

h_ /r
@ u'

95. If a lamina in the form of a regular hexagon be im-
mersed in liquid with one side in the surface, the depth of its
centre of pressure is to the depth of its centre of gravity as
23 to 18,

@ being the radiue,
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06. Find the centre of pressure upon a portion of a vertical
cylinder containing liquid, the portion being such as when un-
wrapped to form an isosceles triangle, the base of which when
forming part of the cylinder is horizontal, and the vertex at the
sufface of the fluid,

97. Two very small spheres, of the same size but different
densities, are connected by a fine string and immersed in a liquid,
which rotates uniformly about a fixed axis, and is not acted upon
by any forces; find their position of relative equilibrium.

98. A hollow cone open at the top is filled with water; find
the resultant pressure on the portion of its surface cut off, on
one gide, by two planes through its axis inclined at a given angle
to each other; also determine the line of action of the resultant
pressure, and shew that, if the vertical angle be a right angle, it
will pass through the centre of the top of the cone.

99. Two equal light sphéres of the same substance are at-
tached by strings of lengths 7, 7/ to a point in the bottom of a
vessel of water—they are mutually repulsive and rest at'a distance
x from each other: shew that the line joining them is inclined to
-,
also if ¢ (z) be the repulsion

the horizon at gin~1

P.

&
¢ (-1—') =J_WE’ '

P being the fluid pressure on either sphere.

100. A cylindrical tube, containing air, is closed at one ex-
tremity by a fixed plate, the other extremity being open; a piston
just fitting the tube slides within it, and the centres of the plate
and piston are connected by an elastic string, the modulus of
elasticity of which is equal to the atmospheric pressure on the
piston; prove that, if  be the natural length of the string, and a
its length when the air between the piston and the fixed plate ‘is
in its natural state, ! being less than a, the length of the string
in the position of equilibrium will be (la)!.

101. The readings of a faulty barometer confaining some
air are 294 and 29'9 inches, the corresponding readings of a
correct instrument being 298 and 30-4 inches respectively; prove
that the length of the tube occupied by the air is 29 inches,
‘when the reading of the barometer is 29 inches; and find the
corresponding correct reading.
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102. A cylinder of density 2p floats with its axis vertical
between two liquids of densities p and 3p, its height being equal
to the dcpth of the upper liquid; prove that the pressures on its

ends are in the ratio of 1 to 5. \

103. A heavy rope, the density of which is double the den-
sity of water, is held by one end, which is above the surface, the
other end being under water; find the tension at the middle
section of the immersed portion.

104. If the depths of the angular points of a triangle below
the surface of a fluid be a, b, ¢, shew that the depth of the centre
of pressure below the centre of gravity is

(b~-¢)? +(c—a)?+{x—D)?
12(a+b+c) *

105. Given that the centre of pressure of a disc of radius r,
with one point in the surface, # at a distance p from the centre,
prove that for a disc of radius R wholly immersed with its centre
at a distance A from the surface, the distance between the centre
of the circle and the centre of pressure is pR?--Ar.

106. If an air-pump be fitted with a barometer gauge of
small section k, and length I, prove that at the end of the firat
stroke the mercury will have risen a height

_Bh 1- Ah+(4+B)? nearly:
arB T4+Bp v
h being the height of the barometer.

107. A hemispherical shell is floating on the surface of a
liquid, and it is found that the greatest weight which can be
attached to the rim is one-fourth of the weight of the hemisphere;
prove that the weight of the liquid which would fill the hemi-
sphere bears to the weight of the hemisphere the ratio of

25,/5 : 20,/5-28.

108. A cylindrical diving-bell fully immersed is in equi-
librium without a chain. Shew that if the exterior atmospheric

sure increase slightly, the ratio of the distance moved through
by the bell if free to that moved through by the surface of the
water in the bell when held fixed is Hh+2? : 2 approximately;
where X is the height of the water barometer, % the height of
the bell, and z the length of that part of it which is filled with
air.
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109. Two hollow cones, filled with water, are connected to-
gether by a atring attached to their vertices which passes over
a fixed pulley; prove that, during the motion, if the "weights of
the ccnes be negleoted, the total pressures on their bases will be
always equal, whatever be the forms and dimensions of the
cones, If the heights of the cones be , 2/, and heights mk, nh’
be unoccupied by water, the total normal pressures on the bases
during the motion will always be in the ratio

nd+n+l i mP+m+1.

110. A hollow cons, whose vertical angle is given, is filled
with water and placed with its base on a horizontal plane ; de-
termine a point in its surface at which, an orifice being made, the
issuing fluid will just fall outside the base of the cone.

111. The times of the aerial vibrations constituting 2 note
(0) and its fifth (G) are in the ratio 3 : 2 ; compare the times of
the vibrations corresponding to {C) and the fifth of (G).

112, A pyramid on a square base floats with its vertex
downwards and base horizontal in a liquid. The pyramid is
bisected by .a vertical plane perpendicular to two sides of the
base, and the two parts are connected at the vertex by a hinge.
Prove that the parts will remain in contact if the ratio of the
density of the pyramid to that of the liquid exceed

347 \3
(-.w' + 3&5) ’
where % is the height and 2a the side of the base. *

113. A circular tube of fine bore, whose plane is vertical,
contains a quantity of heavy umiform fluid, which subtends an
angle 2a at the centre; a heavy spherical particle, just fitting
the tube, is let fall from the extremity of a horizontal radius;
find the impulsive pressure at any point of the fluid,

114, A cylindrical vessel containing inelastic fluid is de-
scending with a given velocity (v) and is suddenly stopped; its
axis being vertical, find the whole impulse on the curved sur-
face.

115. A closed hollow cone, filled with inelastic fluid, and
having its vertex upwards, is suddenly raised with a given velo-
city; find the*whole impulse on the cwrved surface, and the
resultant impulse on the base.
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116, A hollow sphere formed of a rigid inelastic substance,
and filled with inelastic fluid, is let fall on a horizontal plane;
find the whole impulse on its curved surface, and on each half
of its surface above and below the horizontal plane through its
centre.

Also determine the resultant impulses on each of these sur-
faces,

117 A flexible and elastic cylindrical tube is placed within
a rigid hollow prism, in the form of an equilateral triangle, which
it just fits when unstretched; if there be no air between the
tube and the priem, and if air at a given pressure be forced into
the tube, find the extension and the portion in contact with the
sides of the prism.

118, A conical bag, which is filled with liquid, has its rim
fastened to a horizontal plate, and is then inverted; prove that
the tension at any point, in the direction of a generating line,
varies as the square of the distance fromn the vertex.

119. A bag, in the form of a paraboloid, formed of thin
flexible substance, is supported®by its rim, and isefilled with
water; find the tension at any point in direction of the tangent
to the generating parabola at the point.

Hence prove that the tension in every direction at the vertex
=gpah, if k be the depth of the bag, and 4a the latus rectum.

Also obtain this last result independently Ly aid of Art.
(167).

120, If the same bag, when filled, be closed and inverted,
prove that the tension at any point P, in direction of the tan-
gent to the generating parabola, varies as 4N . ~/SP, A being
the vertex of the bag, 8 the focus, and AN the depth of P
below the vertex.



SPECIFIC GRAVITIES,

Ratios of the Specific Gravities of different :uhtamm
to that of water at €0°.

Diamoend ............ 3.52 Nickei .euueeenenne ... 8.38
Sulphur ............. . 2 Iron.ee.ceeieeiinannie 7.84¢
Iodine ................ 4.94 Flint-glass ........... 3.33
Arsenic........ veeeene 5.959 Plate-glass .......... 2.5
Gold ........coceeeeee 19.4 Marble ......oeuenenee 2.716
Platina ............... 21.53 Rock-salt ............ 1.92
Silver .....ccocevveenns 10.5 Ivory evereeveennnne 1,817
Mercury .............. 13.568 Tee (at 0°) ............ 0.926
Copper......ccc.....c. 8.85 Sea-water............ 1.027
P RN 7.285 Olive-oil ...... ...... 0.915
Lead ...... MUTRN 11.445 Alcohol............... 0.794
Zinc...coueeriierneinns 6.362 JEther .....ccvieeenens 0.721

Ratios of the densities of gases and vapours of different
substances to that of atmospheric air at the same tem-

perature and under the same pressure. .
Water ..coeeeenrenne 0.62
Alcohol........cceeu.e 1.613
Carbonic Acid ...... 1.524
Ammonia .......e..ue 0.591
Bromine ............. 5.395 Sulphurous Acid ... 2.212
Todine............c...  8.701 Sulphuric Acid ... 2.763
Arsenic........ ceren 10.385 ZBther vuviiieneceriss 2,586
Mercury ........ooo.. 6,978



ANSWERS TO THE EXAMPLES.

CHAPTER 1. EXAMINATION.

4. 104 lbs. and 421bs, 5. wa.

6. 1301bs. 8. 82044 1bs.
CHAPTER II. EXAMINATION.

2. 8481bs. 3. 104976 lbs.

4. m+1 mn+n ——0, o being the specific gravity of

= 0 an
mn+1 mn+ 1
the mixture,

5. 2. 6. 202} lbs. 7. 13 8. 8c-¢-4"

V(cr—s)+V’(o"—n)' . 10, 2.
8

9.

CHAPTER II. ExampLEs,
n+l 2n+1 n+2
2 g oowmdTy
36’ - 20 and 4o -3¢, 3. 4 : 405.
34 125. 5. 1:32

S

6 —_th of a second.
A/32

o 7. The densities areas 3 : 8. 8 44

9. 9512

CHAPTER III. EXAMINATION.

2. 1st. 432§1bs. on a square inch. 2nd. about 581bs.

4, 73}131lbs. on a square inch, meglecting atmospherio
pressure.

2
6. 125o0z. 8 3 ggrrh.,/r“ +A3,
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11. If % be the vertical side, the depth of the horizontal

line =—h= .
N/
12. The depths of the horizontal lines are
ERRNI
~/“ P '1"' >

1
13, Thedepth =—=4.
€p ':/2-

CHAPTER III. ExawveLes,
2. 31251bs.
3. The line divides the opposite side in the ratio of 3 : 1.

4. -SLJL {whole length of liquid).

5. 16+1—2£”—'lba 6. 20+1—":—rlbs 8 1:1L

10. The pomt lies in the line from the vertex bisecting the
base and at a depth —1—- (the depth of the vertex),

A3
1. 1:.2Z-1 12. ;(l+JlT))inches.

13 1:4:09. )

14, If a, w-a, be the angular spaces occupied by the
liquids p, ¢, the inclination to the vertical of the bounding dia-

1 p +p)
gina p'-p

16. The increase=14 (the weight of the fluid).

om0

18. 41 » 1 7z radius,

20. Produce the rectangle to the surface ; then, knowing the
centres of pressure of the whole and of the upper part, and the
pressures on these parts, the position of the ceutre of pressure
of the lower part can be inferred.

23. The densities are equal. 24, 2 feet,
2
5. Unit of time=—-— ‘
2 ime NG
5J15

2
Unit of space= —— fest. N
nit of spa 575

meter =tan—! (cot at—

seconds ;




Answers to the Examples. 237
27. 3 units of weight.

20. 4(542-7): 8. 30 3:6:4
CHAPTER IV, ExXAMINATION.
Yy, 12 feet. 8. 15:18.

9. The forces are equal.
v18. é ths of a cubic foot.
1“, ‘Weight of wood + weight of water it displaces.
16. If o, ¢’ be the specific gravities, ¥V, ¥’ the volumes, and
p the specific gravity of water, the condition is
LA ]
V' e-p"

CHAPTER 1IV. EXAMPLES.
g, L ic v
2. 566 of a cubic yard.
V3. Surface divides altitude inratio 1 : A/Z-1.
4 NJ2-1:1
v 7. 1 th of the cylinder is in the upper liquid.

4
48. §. demsity of wood. ©. Half that of water.
3757
v10. n —B) oz 14, o :p=r3: 2(1-’—1"3.

Y15, 1 w, v be the weight of the cone and of the fluid
displaced, the force=w —w’, and its line of action must be at a

distance from the centre of gravity of the solid cone equal to
w A

w—w 12°
16. One-third of the axis is immersed.
vis. Ia\/ g-, % being the height of the paraboloid,

L. R
19, 21863 tans, 20, Height="15 .

91, gorh (’L;}t‘) , and gpri at depth >
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22, :/:;’ assuming distance of centre of gravity of hemi.

sphere from centre to be gr.

v 24, 19 : 56. 25. Af8.r
33. The resultant vertical pressure= gphr’(l—%') .

34. Horizontal pressure= W sin a cos a, and vertical pressure
= Wsin%, where W is the weight of fluid displaced. Hence,
direction of resultant is ioclined to the vertical at an angle

- a, a8 is obvious, & priori.

2
CHAPTER V., EXAMINATION.
2. 4%, 83, 4. 72.7 inches nearly.
5. 1:12 6. 1:8(1+at),and 1: 2(1+at).
10. 113 and-11%. 17. 1909 lbs, nearly.

CHAPTER V. EXAMPLES.
1. 1+at:nd

8. If W, IV be the weights of the fluid and the piston, I
the pressure of the fluid at a density p, the length of cylinder

. W I
oouupxed =—"7,-é;.
4 P;’_n1+ut'
* P Tlt+at’

5. If m be the ratio of the air-pressure on the piston to its
weight when the piston is in the middle, its beight above the
base is given by the equation

2? - 2az + 2ma (a ~ x) =0,
2¢ being the height of the cylinder.

6. (The area of surface) X xpat. 8 h:k.

9, IfII be external air-pressure, W the weight of the piston,
A its area, A the modulus of elasticity, a the natural length of
the string, and ¢ the increase of temperature, the increase z of
the length of the string is given by the equation

} A (az+2%) =a (aat—2) (L4 + W).,

10. Length above surface is changed in ratio 1 : .9987.
14. 7k, where % is the height of the water barometer.



Answers to the Examples. 239

16. If @ be the depth to which the original open surface of
the mercury is lowered, p, ¢ the densities of the water and
mercury, and %, K the sectional areas of the tube, the height of
the mercurial column is increased by

K
(1+'z7

o(1+%)-r
CHAPTER VI, ExXAMINATION.

Y. To 1rd of its original volume.
v5. 5121bs.
*6. Early in the 4th stroke.
9. About 45 inches above mercury level.
1. 0% lbs, or about 983 Ibs.

30001r
V12, _16_— 1bs.

+ CHAPTER VI. ExXAMPLES.

1.1)

4. 1.8 nearly; 2{ths of the volume of the bell.

6. If & be the height of the barometer, tho ascent x is given

by the equation
Y 1 15 z 5 20

B-zta=5% e
If h=30, 2=6.1 nearly.
11. 1f a be the length originally occupied by air, & the
height of the barometer, and p the density of atmospheric air, the
difterence z is given by the equation

z’+2a(z-h).+% k (2a+2)=0

CHAPTER VII. EXAMINATION
5:17. . 2. 9:17.
3. 1280- : 1280-—2m.

[
3

198
6. 1806 —— of a cubic foot.

25

21 and

7.
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8. W+w : W+s/, W being the weight of the mltnunent,
and 8 the density of water.

4 4
9. i 10. B
CHAPTER VII ExAMPLES,

vl. The same as that of water.

1 8. 72? (3.17)=10.8 nearly.

V4. 1.9 nearly. v6. 14 /5.

6. 4:83 7. bigrains.
8. 124 shillings,

. CHAPTER VIII. EXAMINATION.
1. 15y3%glbs. 9. 750

CHAPTER VIII. ExAMPLES.
pV+p'V V’ 1+at/

1. U Tdat”
2. The air at greatest pressure.
58 53
0___ 0
3. 22 TR 4. 13 104°

5. The difference of the observed pressures.

CHAPTER IX.
2. If I= Latus Rectum, w’=g .
3. Length squerged—- h+ '::—;’:
4 A parabt;loid.

1 wate?

6. 41—

4 9
4eo? 20 2
8. gpra’%, gnra’(a4 +h) and gpmak (h +— ula )

Y
9. gpra(w+3).
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CHAPTER X.

Inversely as the radii.
3:2 3. 80 1Ibs. on a square inch.
73 : 18,

It %rz’ be the volume of atmospheric air forced in,

2 BP-a?

(a’+m’){1 -E z,e-_—a,t=63.

Ll o

ANSWERS TO MISCELLANEOUS
PROBLEMS
3. First. The plane divides the axis in the ratio 1 : 2 -1,
Second. The plane bisects the axis.
Measuring z from the vertex, the equation is

g b, B
@"—-‘-z-ﬁ +T—«0,

one root of which is g

4. Theratiois 4 : 3sina.
5. The distances from B of the points of division are in the
ratio 1 : A/2 : /3 : &c.
6. 1lst, 1 2nd, 13 of its volume.
) 8’ 36 :

7. The densities are equal.
8. The pressures are either equal or in the ratio 1 : 8.

L
0. 4(2)"
\P
10. If II=atmospheric pressure, the height above the base
of the centre of the sphere is

FrW+karll
Wrarll

B. K. H. 16
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11. 1 : 82000.

18. The inclination to the horizon=cos~12 i:—:

15. 2000 oz. 20. 60°,

28, The weight of the vessel must be at least 37 (the weight
of the fluid).

25. The volume must be p—_f-;vrr’ (a - g’), a Yeing the
depth of water, and , » the height and radius of the cone.

29. 1If p, p’ be the densities of the lower and upper liquids
respectively, o the density of the rod, and 0 its inclination to the
wertical, a .,

cos*d =5 5:—-’;, .

30. If a be the height of the cylinder, and A the height of
the water-barometer, the length (x) of the cylinder occupied by
air is given by the equation

3a\ ah
3 + (h - T)z = -é'.
24in

37. T.

45. The inclination of the radius vector to the surface
is 600.

46. The point lies in tho tentral generating line, dividing
it in the ratio 2 : 1. ,

47. In the first case the point divides the central generating
line in the ratio 3 : 1; in the second it bisects the generating
line.

48, and 49. See Example 8, page 55. -

54, Resultart pressure : weight of liquid :: 5/13 : 2, and
its inclination to the horizon=hn"-§- .

55, and 56. See Articles 51, 52, 58, and Example 2,
page 47. ¢
61, If p be the density of the upper and p’ of the lower
liquid, the pressures are in the ratio
4p : 3p+p.
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64. See Art. 160,

65. See Example 6, page 154,

66. See Appendix (6).

75. Remove the piston and replace it by an equivalent
weigh.t of water.

84. The pressures are in the inverse ratio of the radii.

88. If f be the acceleration with which the cone ascends,
*and 2a the vertical angle, the whole pressure : the weight of
the liquid :: f+g : g &in a.

90. 73:1+at. 92. -’%’,ﬁ. .

97. p and p’ being the densities and o the density of the
liquid, the axis of rotation divides the string in the ratio
p—o :p'—a.

103. The tension is zero.

114. The whole impulse =pwrrk’v, r heing the radius and A
the height of the fluid.

116. If U=wr3pv, the whole impulses are 40, U and 3U.
The resuitant impulses are % U, % U, and:;: U.

Nore oN Abpr. 84.

The value of a 18 very nearly the same for all gases, and
moreover remains nearly the same for different pressures. M.
Regrault has investigated the values of a for different sub-
stances ; for instance, between 09 and 100" he finds the value of
a for carbonic acid gas to be .003689. It has also been ob-
served tbat the ooefficients for two gascs separate more from
ezch other when the pressure is very much increased.

Regnault's results: values of a for

Air L, .003665.
Hydrogen ......... .003667.

) Azote ............... .003668.
Sulphuric Acid ... .003669.
Hydroehloric Acid .003681.
Cyanogen ......... .003682.

Carbonic Acid ... .003689.
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ABBOLUTE Temlpernturo

Air a ponderable body
in motion ............... 176
Air-Pumps ............ 103—105
Aneroid Barometer............ 88
Archimedes............... 63, 118
(11} R 69, 91
Barker's Mill ............... 110
Barometer ................. gé
BUZO .ierienienn. 1

Beats ..... gug ................ 193
Bourdon’s Metallic Baro-

meter .....cccoceeinieinnenas 89
Boyle's Law ..................7T6
Bramah’s Press............... 102
Camel .......ccevveuerenrnnnnnne. 52
Capillarity..................... 166
Capillary Curve ...... 163, 170
Cecil’s Lamp ..................56
Centre of Pressure ...... 38, 201
Ooexistence and Interfer-

ence ..... ...184
Common surfa.ce of two

liquids «oocveieniieininnane 31
Condenser ..........ccveneenn.. 107
Contracted Vein ......... .. 174
Density .....vevueiieeneenn e 18
Des Cartes ...c.ceeevveeennn.nn. 91

Dew ..................... 140, 142

Diatonic Scale ...............195
Differential Thermometer ...83
Dilatation of Liquids ...... 144
Diving-bell .......cccuvninninns 94
Ebullition .......... cerenerene 145
Elastica........ cerrerreenran, 163
Elasticity of air ............... 69
Energy of Film ............ 172
Equilibrium of a floating
body......... Surflgo
uipotential aces ...198
grqeezmg ceean w144

Qalileo ....

Heights by the Ba.romoter...so
Homogeneous Atmosphere ..76
Hopkins... crreeennnns 9B
Hydraulxo Ram
Hydrometers ......... 126—128
Hydrostatio Balance
—— Bellows .........
———————— Paradox
Hygrometers..................
Impulsive Action
Lintearia ...........ccecuenen.
Liquid Films..........cc.u....
Magdeburgh Hemisphores...90

Manometers ......... 108—110
Metacentre ...........c..oeeeus. 57
Mixture of gases ............ 134
Monochord .................. 194
Musical sounds............... 184
Nodes and loops...... 187—189
Pascal .....cccooiviviiiiiinnins 90
Piezometer 111, 119
Pumps ........... .... 96—99
Rotating liquid..... ... .... 150
Safety Valves.................. 13
Siphon ......ooiiiiiiiinnnn 81
Siphon gauge ............... 107
Sounds, velocity of,...180, 184
Specific gravity ... ........... 20
Stability «........ cooevveniniils 57
Steady motion ............... 175
Steam Engines ...... 113—116
Stereometer ..........ceuveees 129
Stevinus .......ooceiiininnald 64
Tartini ... e 193
Temperature of air............ 78
Tension ....cuveevereecncennenes 161
Thermometer .................. Ta
Torricelli.........oceeannee 72, 173
Unmison and Harmony ...... 192
Vapours....ce.eeveernnnnennnens 136
Virtual Velocities ............ 14
Water Barometer ..........
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PUBLIC SCHOOL SERIES.
A Series of Clussical Tewts, annotated by well-knoon Scholars, Cr. Svo,
Aristophanes. The Peace. By F. A. Paley, M.A. 4s. 6d.
The Acharnians. By F. A. Paley, M.A, 4s. 6d.
The Frogs. By F. A. Paley, M.A. 4s. 6d.
Cicero. The Letters to Atticus. Bk. I. By A.Pretor, M.A. 4s.6d.
Demosthenes de Falsa Legatione. By R. Shilleto, M.A. 6s.
The Law of Leptincs. Dy B. W. Beatson, M.A. 8s. Gd.
Plato. The Apolog,y of Socrates and Crito. By W. Wagner, P'h.D.
7th Edition.
The le'do Gth Edition, By W. Wagner, Ph.D. 5s. 6d.
The Protagoras. fth Edition. By W. Wayte, M.A, 4s. 6d.
The Euthyphro. 2nd Edition. By G. TI. Wells, M.A. 3s.
The Euthydemus. By G, H, Wells, M.A,  4s.
The Republie. Books L.¢ II. By G. 1. Wells, M.A. 3, 6d.
Plautus. The Aulularia. By W. Wagner.Ph.D, 3rd Edition. 4s,6d,
Trinmmmus. By W. Wagner, Ph.D. 3rd Edition. 4s. 6d.
———— The Menacehmei. By W. Wagner, Ph.D.  4s. 6d.
So»hoclis Trachiniz. DBy A. Pretor, M.A. 4s. 6d.
Terence. By W. Waugner, Ph.D. 10s. 6d.
Theocritus. DBy F. A. Palcy, M.A. 4s. 6d.
Thieydides. Dook Vi, By T.W. Dougen, M.A., Fellow of St,
Johu's Colleve, Cabridae. | D luiledy.
Olhers in preparat ion.
CRITICAL AND ANNOTATED EDITIONS.
ZBtna. By H. A. J. Munro, M.A. 3s. 6
Aristophanis Comceedie. By H. A. Holden, LL.D. 8vo. 2 vols,
23s. 6d. Plays soll separately.
Pax. By ¥. A, Puley, M.A. Feap. 8vo. 4s. Gd.
Catullus. By H. A. J. Munro, M.A. 7z Gd.
Corpus Poetarum Latinorum. Edited by Walker. 1 vol.8vo. 18s,
Horace. Quinti 1loratii Flacei Opera. By H, A. J. Munro, M.A,
Large 8vo. 1L 1s,
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Livy. The first five Books. By J. Prendeville, 12mo. roan, 5s.
Or Books I..IIT, 3s. 6d. IV.and V. 3s. 6d.

Lucretius. Titi Lucretii Cari de Rernm Natura Libri Sex. With
a Translation and Notes. By H. A. J. Munro, M.A. 2 vols. 8ve. Vol.I.
Text. (New Edition, Preparing.) Vol IL. Translation. (Sold separately.)

-Ovid. P, Ovidii Nasonis Heroides XIV, By A.Palmer, M.A. 8vo. 6s.
Propertius. Sex Aurelii Propertii Carmina, By F. A, Paley, M.A.
8vo. Cloth, 9s.
' Sex. Propertii Elegiarum. Libri IV. By A.Palmer. Feap.8vo. bs.
Sophocles. The Ajax. By C. E. Palmer, M.A.  4s. 6d.

“Thucydides. The History of the Peloponnesian War. By Richard
Shilleto, M.A. BookI. 8vo. 6s. 6d. Book II. 8vo. 5&. 6d.

LATIN AND GREEK CLASS-BOOKS.
Auxilia Latina. A Series of Progressive Latin Excrcises. By

M. J.B.Baddeloy, M.A. Feap.8vo. PartI. Accidence. 2nd Edition, revised.
2s. Part IL 4th Edition, revised. 2s. Key to Part II. 2s. 6d.

Latin Prose Lessons. By Prof. Church, M.A. 6th Edit. Feap. 8vo.
2s. 6d.

Latin Exercises and Grammar Papers. By T. Collins, M.A. th
Edition. Feap. 8vo. 2s. 6d.

Unseen Papers in Latin Prose and Verse. With Examination
Questions. By T. Colling, M.A. 2nd Edition. Feap. 8vo. 92s. 6d.

in Greek Prosc and Verse, With lixamination Questions.
By T. Colling, M.\. T'eap. 8vo. 3s.

Analytical Latin Exercises. By C.P.Mason, B.A. 3rd Edit. 3s.6d.

Latin Mood Construction, Outlines of. With Excicises. By

the Rev. G. E. C. Casey, M.A,, F.L.8,, F.G.8. Small post Svo. ls, 6d.
Latin of the Lxercises s, 6d.

Soala Greca: a Scriesof Elementary Greek Exercises. By Rev.J. W.
Davis, 3M.A., and R. W. Baddeley, M.A. 3rd Edition. Fcap. 8vo. 2s, 6d.

Greek Verse Composition. By G. Preston, MLA. Crown 8vo.4s. 6d.

Greek Particles and their Combinations according to Attic Usage.
A Short Treatize. By . A Pialey, MLA, 25, Gd.

By trE Rev. P. Frost, M.A., St. Joux’s CoLLEGE, CAMBRIDGE.

‘Belogee Latinm; or, First Latin Reading-Book, with English Notes
and a Dictionary. New Edition. Feap. 8vo. 2s. 6d.

~aterials for Latin Prose Composition. New Edition. Feap. 8vo.
2s. 6d. Key, 4s.

A Latin Verse-Book. An Introductory Work on Hexameters and
Pentameters. New Edition. Yeap. 8vo, 3s. Key, 5s.

Analecta Greeca Minora, with Introductory Sentcnces, English
Notos, and a Dictionary., New Edition. Feap. 8vo. 8s. 6d.

Materials for Greek Prose Composition. New Edit. Feap. 8vo.
3s. 6. Key, 5s.

Z'lorilegium Poeticum. Elcgiac Extracts from Ovid and Tibullus,
New Edition. With Notes. Feap. 8vo. 3s.

By tre Rev. F. E. GRETTON.

A First Cheque-book for Latin Verse-makers. 1s. 6d.

A Latin Version for Masters. 2s. 6d. .

‘Reddends,; or Passages with Parallel Hints for Translation into
Latin Prose and Verse. Crown 8vo. 4s,
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Reddenda Reddita (see below).

Anthologla Grasca. A Seclection of Choice Greek Poetry, with Notes. .
By F. St. John Thackeray. 4th and Cheaper Edition. 16mo. 4. 6d.

Anthologia Latina. A Selection of Choice Latin Poetry, from
Nrevius to Boéthins, with Notes. By Rov. F. St. John Thackeray. Revisod .
and Cheaper Edition. 16mo. 4s. 6d.

By H. A. Howpen, LL.D.

Foliorum Silvula. Part I. Passages for Translation into Latin .
Elegiac and Heroic Vorse. 10th Edition. Post 8vo. 7s. 6d.

Part II. Belect Passages for Translation into Latin Lyric -

and Comic Iambic Verse. 3rd Edition. Post 8vo, 5s.

Part ITI. Select Passages for Translation into-Greck Verse.
3rd Edition. Post 8vo. 8s.

Folia Silvules, sive Ecloge Poetarum Anglicorum in Latinum e
Grmcum conversm. 8vo. Vol.1.10s, 6d. Vol. IT. 125

Foliorum Centuris. Select Passagos for Translation into Latin .
and Greek Prose. 8th Edition, Post 8vo. 8s.

TRANSLATIONS, SELECTIONS, &e.

*«* Many of the following books are well adapted for School Prizes. .

Zgchylus. Translated into English Prose by F. A. Paley, M.A.
2nd Edition, 8vo. 7s. 6d.

5 Translated into English Verse by Anna Swanwick. Post.

vo. &,

Horace. The Odes and Carmen Swmeculare. In English Verse by
J. Conington, M.A. 8th cdition. Fcap. 8vo. B5s. 6d.

The Satires and Epistles. In English Verse by J. Coning-

ton, M.A. 5th cdition. 6s. 6d.

Tllustrated from Antique Gems by C. W. King, M.A. The
text revised with Introduction by H. A. J. Munro, M.A. Large 8vo. 1l 1s.

Horace's Odes. Englished and Imitated by various hands. dited
by C. W. F. Cooper. Crown 8vo. Gs 6d.

Lusus Intercisi. Verses, Translated and Original, by H. J.
Hodgson, M.A., formerly Fellow of Trinty Collere, Cambridge,  5s.

Propertius. Verse Trunslations from Book V., with revised Latin
Toxt. By F. A. Paley, M.A. TFeap. 8vo. 3=

Plato. Gorgias. Translated by E. M. Cope, M.A. 8vo. 7s.

Philebus. Translated by F. A. Paley, M.A. Small8vo. 4s.

, Thetetus. Translatedby I'. A. Paley, M.A. Small 8vo. 4s.

Analysisand Index of the Dialognes. By Dr. Day. Post8vo.5s

Reddenda Reddita : Passages from kEnglish Poetry, with a Latin
Verse Traunsintion. By F. K. Gretton. Crown 8vo. 6s,

Sabrinse Corolla in hortulis Regim Schol® Salopiensis contexuerunt
tres vir1 floribus legendis. Editio tertia. 8vo. 8s. 6d. ‘

Theocritus. In English Verse, by C. 8. Calverley, M.A. Necw
Edition, vevised. Crown 8vo. 7s. 6d.

Translations into English and Latin. By C. 8. Calverley, M.A.
Post 8vo. 7s. 6d.

into Greck snd Latin Verse. By R. C. Jebb. 4to. cloib
gilt. 10s. 6d. .

Belween Whiles. Translations by B. H. Ecnnedy. 2nd Edition.

rovised. Crown 8vo. Gs. .
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REFERENCE VOLUMES.

A Latin Grammar. By Albert Harkness. Post 8vo. 6s.

By T.H.Key, M.A. 6th Thousand. Post 8vo. 8s.

A Short Latin Grammar for Schools. By T. H. Key, M.A.,
F.R.S. 1ith Edition. Post8vo. 3s.6d.

A Guide to the Cholce of Classical Books. By J. B. Mayor, M.A.
Revised Edition. Crown 8vo. 3s.

The Theatre of the Greeks. By J. W. Donaldson, D.D. 8th
Edition. Post 8vo. 5s.

Keightley's Mythology of Greece and Italy. 4th Edition. 5s.

A Dictionary of Lattn and Greek Quof.a.tlons By H. T. Riley.
Post 8vo. 5s. With Index Verborum, 6s

A History of Roman Literature. By ‘W. 8. Teuffcl, Professor at
the University of Titbingen. By W. Wagner, Ph.D. 2 vols. Demy 8vo. 2ls.

Student’s Guide to the University of Cambridge. 4th Edition

rov}:cd. Feap. 8vo, 6s. 6d. ; or in Part..—Part 3, 2s. 6d.; Parts 209, 1.
eac!

CLASSICAL TABLES.

Latin Accidence. By the Rev. P. Frost, M.A. 1s.
Latin Versification. 1s.
Notabilia Qusedam; or the Principal Tenscs of most of the

Irregular Greck Verbs and Elementary Grock, Latin, and French Con-
struction. New Edition, 1s.

Richmond Rules for the Ovidian Distich, &c. By J. Tate,
M.A. 1s.

The Principles of Latin Syntax. 1s.
Greek Verbs. A Catalogue of Verbs, Irregular and Defective; their

leading formations, tenses, and inflexions, with Paradicme for (-muu:zatlon,
Rules for formation of temw: &c. &e. By J. S. Bard, T.C.D. 2a. 6d,

Greek Accents (Notes on). By A. Barry, D.D. New Edition. 1s.

Homeric Dialect. Its Leading Forms and Pceuliarities. ByJ. 8.
Baird, T.C.D. New Edition, by W. G. Rutherford. 1s.

Greek Accidence. By the Rev. P. Frost, M.A. New Edition. 1s.

CAVMBRIDGE MATHEMATICAL SERIES.

Algebra. Choice and Chance. By W. A. Whitworth, M.A. 3rd
Edition. 6s.

Euclid. Excreises on Euelid and in Modern Geometry. By
J. McDowell, M.A, 3rd Edition. Gs.

Trigonometry. Plane. By Rev.T.Vyvyan, M.A. 2nd Edit. 3s.6d.

Geometrical Conic 8ections. Dy H. G. Willis, M.A. Man-
chester Grammar School.  7s. 6d.
Conics. The Geometry of. 8rd Edition. ByC. Taylor,D.D. 4s. 6d.

Solid Geometry. By W. S. Aldis, M.A, 3rd Edition. Gs.
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Rigid Dynamics. By W. S. Aldis, M.A. 4s.

Elementary Dynamics. Dy W. Garnett, M.A. 3rd Edition. 6s.

Heat. An Elementary Treatise, By W. Garnett, M.A. 2nd Edit.
38, 6d.

Hydromechanics. DBy W. I Besant, M.A., F.R.S. 4th Edition.
Part I. Hydrostatics. 5s.

Mechanics. Problems in Elemeniary. By ‘W. Walton, M.A. 6s.

CAMBRIDGE SCHOOL AND COLLEGE
TEXT-BOOKS.

4 Series of Elementary Treatises for the use of Students in the
Universities, Schools, and Candidates for the Public
rxaminations. Feap. 8vo.

Arithmetic. By Rev.C.Elsee, M.A. Feap. 8vo. 11th Edit. 3s. 6d.

Algebra. DBy the Rev. C. Elsee, M.A, 6th Edit, 4s.

Arithmetic. By A. Wrigley, M.A. 3s. 6d.

A Progressive Course of Examples. With Answers. By
J. Watson, M.A. 5th Edition. 2s.Gd.

Algebra. Progressive Course of Examples. DBy Rev. W. F.
M‘Mickne], M.A., and R. Prowde Sumth, M.A. 2nd Editon.  3s.6d. With
Answers. b, 6d.

Plane Astronomy, An Introduction to. Dy P. T. Main, M.A.
4th Edition. 4s.

Conic Sections trcatcd Geometrically. By W. H. Besant, M.A.
41l EQition. 4s, 6d.  Solution to the xamples,  4s.

Elementary Conic Sections trcated Gceometrically,. By W. H.
Lesant, M.A. [ In the press,

Statics, Elementary. By Rev. . Goodwin, D.D. 2nd Edit. 3s.
Hydrostatics, Elementary. By W. H, Besant, M.A. 10th Edit, 4s,
Mensuration, An Elementary Treatise on. By B.T. Moore, M.A. Gs.

Newton’s Principia, The First Three Scetions of, with an Appen-
dix; and the Ninth and I‘leventh Scctions. By J. I, Evans, M.A. 5th
]s.dmon, by P. T. Main, M.A

Trigonometry, Llementary. By T. P. Hudson, M.A. 3s. 6d.
Opties, Geometrical. With Answers. By W. 8. Aldis, M.A. 3s. 6d.
Analytical Geometry for Schools. By T.G.Vyvyan. 3rd Edit. 4s.6d.

Greek Testament, Companion to the. By A. C. Barrett, A.M.
5th Edition, revised,  Feap. 8vo. 5s.

Book of Common Prayer, An Historical and Explanatory Treatise
on the. By W. G. Humphry, B.D. Gth Elition. Feap. 8vo. 4s. 6d.

Muslo, Text-book of. DBy H, C. Banister. 11th Edit. revised. b5s.

Concise History of. By Rev. H. G. Bonavia Hunt, B. Mus,
Oxon. 6th Edition revised. 8s. 6d.

ARITHMETIC AND ALGEBRA.

See foregoing Series.
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GEOMETRY AND EUCLID.

Euclid. The First Two Books explained to Beginners. By C. P,
Mason, B.A. 2nd Edition. ¥eap. 8vo. 2s. 6d.
The Enunciations and Figures to Euclid's Elements. By Rev.

J. Brasse, D.D. Now Edition. Fcap.8vo. 1ls. On Cards, in case, 5s. 6d.
Wlthouﬁ the Figures, 6d.

Exercises on Euclid and in Modern Geometry. ByJ. McDowell,
B.A. Crown 8vo. 3rd Edition revised. 6s.

Geometrical Conic Sections. By H. G. Willis, M.A. 7s. Gd.

Geometrical Conic Sections. By W. H, Besant, M.A. 4th Edit.
4s, 6¢. Solution to the Exawmples. 4s.

Elementary Geometrical Conic Sections. By W. H. Besant,
M.A. [In the press.

Elementardeeometry of Conics. By C. Taylor, D.D. 3rd Edit.
8vo. ds. 6d.

An Iniroduction to Ancient and Modern Geometry of Conics.
By C. Taylor, M.A. &vo. 15s.

Solutions of Geometrical Problems, proposed at St. John’s
College from 1830 to 1816. By T. Gaskin, M.A. 8vo. 12s.

s TRIGONOMETRY.
Trigonometry, Introduction to Plane. Dy Rev. T. G. Vyvyan,
Charterhouse. Cr. 8vo. 3s. 6d.
Elementary Trigonometry. By T. P. Hudson, M.A. 3s. 6d.

.An Elementary Treatise on Mensuration. By B. T. Moore,
M.A. 5

ANALYTICAL GEOMETRY

AND DIFFERENTIAL CALCULUS.

An Introduction to Analytical Plane Geometry. By W. P.
Turnbull, M.A. 8vo. 12s.

Problems on the Principles of Plane Co-ordinate Greometry.
By W. Walton, M.A. 8vo. 16s.

Trilinear Co-ordinates, and Modern Analytical Geometry of
Two Dimensions, By W. A. Whitworth, M.A. 8vo. 16s.

" An Elementary Treatise on Sol.ld Geometry. By W. 8. Aldis,
M.A. 2nd Edition revised. 8vo. 8s.

Elementary Treatise on the Differential Caloulus. By M.
O'Brien, M.A. 8vo. 10s. 6d.

Elliptic Functions, Elementary Treatise on. By A. Cayley, M.A.
Demy 8vo. 15s.

MECHANICS & NATURAL PHILOSOPHY.
Staggl:;m Elementary. By H. Goodwin, D.D. Feap. 8vo. 2nd
A Treatise on Elementary. By W. Garett, M.A.

3rd Edltion Crown 8vo. 6s.
Dynamics. Rigid. By W. 8. Aldis, M A, ds.
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Elementary Mechanics, Problems in. By W. Walton, M.A, New
Edition. Crown 8vo. 6s.

Theoretical Mechanics, Problems in. By W. Walton., 2nd Edit.
revised and cnlarged. Demy 8vo. 16s.

Hydrostatics. ByW.H.Besant, M.A. Feap.8vo. 10th Edition. 4s.

Hydromechanics, A Treatise on. By W.H. Besant, M.A., F.R.8.
8vo. 4th Edition, revised. Part I. Hydrostatics. &s.

Dynamics of a Particle, A Treatise on the. By W. H, Besant, M.A.

[Preparing.

Optics, Geometrical. By W. 8. Aldis, M.A. Fecap. 8vo. 3s. 6d.

Double Refraction, A Chapter on Fresnel’s Theory of. By W. 8.
Aldig, M.A. 8vo. 2s.

Heat, An Elementary Treatise on. By W. Garnett, M.A. Crown
8vo. 2nd Edition revisod. 3s. 6d.

Newton's Principia, The First Three Sections of, with an Appen-
dix ; and the Ninth and Eleventh Scctions. By J.H. Evans, M.A. 5th
Edition. Jdited by P. T. Main, M.A, fs.

Astronomy, An Introduction to Plane. By P. T. Main, M.A.
Feap. 8vo. cloth, 4s.

Astronomy, Practical and Spherical. By R.Main, M.A, 8vo. 14s,

Astronomy, ILllementary Chapters on, from the ¢ Astronomie
Physique’ of Biot. By H. Goodwin, D.D. 8vo. 3s.6d.

Pure Mathematics and Natural Philosophy, A Compendium of

Facts and Formuln in. By G. R. Smalley. 2nd Edition, revisod by
J. McDowell, M.A. Feap. Bvo 3a. 6d.

Elementary Course of Mathematics. By H. Goodwin, D.D.
6th Edition. 8vo. 16s.

Problems and Examples, adapted to the ¢ Elementary Course of
Mathematics.! 3rd Edition. 8vo. 5.

Solutions of Goodwin’s Collection of Problems and Examples.
By W. W. Hutt, M.A. 3rd kdition, revised and enlarged. 8vo. 9s.

Mechanics of Construction. With numerous Examples. By
8. Fenwick, F.R.A.8. , 8vo. 12s.

Pure and Applied Caloula.tmn, Notes on the Principles of. By
Rev. J. Challis, M.A. Domy 8vo. 15

Physics, The Mathematical Principle of. By Rev. J. Challis, M.A.

Demy &vo.  5s.

TECHNOLOGICAL HANDBOOKS.

Edited by H. Troeman Woon, Secretary of the
Society of Arts.

1. Dyeing and Tissue Printing. By W. Crookes, F.R.S. 5s.

2. Glass Manufacture. By Henry Chance, M.A.; H. J.Powell, B.A.;
and H. (. Harris. 3s. 6d.

3. Cotton Manufacture. By Richard Marsden, Esq., of Man-
cliester. [ Imwediately.

4. Telegraphs and Telephones. By W. H. Preece, F.R.S,
[Preparing,
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HISTORY, TOPOGRAPHY, &c.

Rome and the Campagna. By R. Burn, M.A. With 85 En-
gravings and 26 Maps and Plans. With Appendix. 4t0. S 3s,

Old Rome. A Handbook for Travellers. By R. Burn, M.A,
With Maps and Plans. Demy 8vo. 10s. 6d.

Modern Europe. By Dr. T. H. Dyer. 2nd Edition, revised and
continued. 5vols. Demy 8vo. 2L 12s 6d.
The History of the Kings of Rome. By Dr.T.H. Dyer. 8vo.16s.

The History of Pompeii: its Buildings and Antijuities. By
T. H. Dyor. 3rd Edition, brought down to 1374¢. Po-t 8vo. 7s. 6d.

Ancient Athens: its Ilistory, Topogmphy, and Remains., By
T. H. Dyer. Super.royal 8vo. Cloth. 1L. 8.

The Decline of the Roman Republic. By G. Long. 5 vols.
8vo. 1ds. each.

A History of England during the Early and Middle Ages. By
C. H. Pa'u'son. M.A. 2nd Edition rovised and enlarged. Svo. Vol. I.
16s. Vol.1I.1

Historical Maps or England. By C. H. Pearson. Folio, 3rd
Edition revised. 38ls. 6d.

History of England, 1800-15. By Harrict Martincau, with new
and copious Index. 1vol. 3s 6d.

History of the Thirty Years' Peace, 1815-46. Dy Harriet Mar-
tincan. 4 vols. 3s. 6d. each.

A Practical Synopsis of English History. Dy A. Bowes. 4th
Edition. 8vo. 2s.

Student's Text-Book of English and General History. By
D. Beale. Crown 8vo. 2s. 6d.

Lives of the Queens of England. By A. Strickland. Library

Edition, 8 vols. 7s. Gd ench, Cheaper Edition, 6 vola S~ cach.  Abridged
Edition, 1 vol. 6s. 6

Eginhard's Life or Karl the Great (Charlemagne). Translated
with Notes, by W. Glaister, M.A., B.C.L. Crown 8vo. 4. Gd.

Outlines of Indian History. By A. W. Hughes. Small Post
8vo. 3s. 6d.

The Elements of General History. By Prof. Tytler. New
Edition, brought down to 1874, Small P’ost 8vo. 3. Gil.

ATLASES.

An Atlas of Classical Geography. 24 Maps. By W. Hughes
and G. Long, M.A. New Edition. lmperial 8vo. 12s Gd.

A Grammar-School Atlas of Classical Geography. Ten Maps
selected from the above. New Edition. Imperial 8vo. 5s.

First Classical Maps. By the Rev. J. Tate, M.A. 3rd Edition,
Imperial 8vo. 7s. 6d.

Standard Library Atlas of Classical Geography. Imp. 8vo.7s.6d.
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PHILOLOGY.

WEBSTER'S DICTIONARY OF THE ENGLISH LAN-
GQUAGE, With Dr. Mahn’s Etymology. 1 vol. 1628 pages, 3000 Illus-
trations. 2ls. With Appendices and 70 additional pages of Illustra-
tions, 1919 pages, 3ls. 6d.

‘THE BEST PRACTICAL ENGLISH DICTIONARY ¥XTANT.’—Quarterly Review, 1873,
Prospectuses, with spacimen pages, post free on application.

New Dictionary of the English Language. Combining Explan-
ation with Etymology, and copiously illustrated by Quotations from the
best Authorities. By Dr. Richardson. New Edition, with a Supplement.
2 vols. 4to. 4l. 145, 6d.; half russia, 5l. 15s, 6d.; russs, 61, 12s, Supplement
scparately. 4to. 125,

An8vo. Edit. without the Quotations, 15=.; half russia, 20s.; russia, 24s.

Supplementary English Glossary. Containing 12,000 Words and
Meanings occurrmne in English Literature, not found in any other
Dictionary. By T. L. 0. Davies. Demy %vo.  16=.

Folk-Etymology. A Dictionary of Words perverted in Form or
Meanmy by False Devivation or Mistaken Analogy, By LRev. A. S. Palmer.
Demy Svo. 2ls,

Brief History of the English Language. By Prof. James Hadley,
LL.D., Yale Colleze.  Feap. Svo.  1s.

The Elements of the English Language. By E. Adams, Ph.D.
1tth Edition. Post 8vo. . Gd.

Philological Essays. By T. H. Kcy, M.A., F.R.S. 8vo. 10s. 6d.

Language, its Origin and Development. By T. H. Key, M.A,,
F.R.S. 8vo. I,

Synonyms and Antonyms of the English Language. By Arch-
doacon Smith. 2nd Edition. Post 8vo. 5s.

Synonyms Discriminaled. By Archdeacon Smith. Demy8vo. 16s.

Bible English. By T. L. O. Davies. 5s.

Tre Queen's English. A Munual of Idiom and Usage. By the
late Dean Alford  6th BEdition. Feap. dvo.  5s.

Etymological Glossary of nearly 2500 English Words de-
rived from the Greck. By the Rev. E. J. Boyece. Feap. 8vo. 3s, 6d.

A Syriac Grammar. By G. Phillips, D.D. 3rd Edition, enlarged.
8vo. T7r Gl

A Grar~mar of the Arabio Language. By Rev. W. J. Bea-

mont, M.A. 12mo. T7s.

DIVINITY, MORAL PHILOSOPHY, &c.

Novum Testamentum Grscum, Textus Stephanici, 1550. By
F. H. Scrivener, A. M., LLI.D., D.C.T.. New Kdition. 16mo. 4s.G6d. Also
on Writing Paper, with Wide Margin, Half-bound. 12s.

By the same Author.,

Codex Bezse Cantabrigiensis. 4to. 26s.

A Full Collation of the Codex Sinaiticus with the Received Text
of tho New Testament, with Critical Introduction. 2nd Edition, revised.
Feap. 8vo. 5s.

A Plain Introduction to the Criticism of the New Testament.
With Forty Facsimilcs from Ancient Manuscripts. 3rd Edition. 8ve. 18s.
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8ix Lectures on the Text of the New Testament. For English
Beaders. Orown 8vo. 6s.

The New Testament for English Readers. By thelate H. Alford,
D.D. Vol. I. Part I. 3rd Edit. 12s. Vol. I. Part II. 2nd Edit. 10s, 6d.
Vol. I1, Part I. 2nd Edit. 16s. Vol. II. Part II. 2nd Edit. 16s.

The Greek Testament. By the late H. Alford, D.D. Vol. I. 6th
Edit. 11, 8s. _Vol. IL 6th Edit. 1. 4. Vol. ITI. 5th Edit, 18s, Vol.IV.
Part L. 4th Edit. 18s. Vol.IV. Part II. 4th Edit. 14s. Vol. IV. 11, 12s.

Companion to the Greek Testment. By A. C. Barrett, M.A.
5th Edition, revised. Foap. 8vo.

The Book of Psalms. A New '.l‘ransla.tlon, with Introductions, &e.
llg;‘the VerIy Rey. J. J. Stewart Pcrowne, D.D. 8vo. Vol. I. 5th Edition,

Vol II. 5th Edit. 16s.
Abridged for Schools, 4th Edition. Crown 8vo. 10s. 6d.

History of the Artlcles of Religion. By C. H. Hardwick. 8rd
Edition, Post 8vo. 5s.

History of the Creeds. By J. R. Lumby, D.D. 2nd Edition.
Crown 8vo. 7s. 6d.

Pearson on the Creed. Carefully printed from an early edition.
‘With Analysis and Index by E. Walford, M.A. Post 8vo. 5s.

An Historical and Explanatory Treatise on the Book of
Common Prayer. By Rev. W. G. Humplry, B.D. 6th Edition, enlarged.
Small Post 8vo. 4s. 6d.

The New Table of Lessons Explained. By Rev.W. G. Humphry,
B.D. Feap. 1s. 6d.

A Commentary on the Gospels for the Sundays and other Holy
Days of the Christian Year. By Rev. W. Denton, A.M. New Edition.
3vols. 8vo. 5#s. Sold separately.

Commentary on the Epistles for the Sundays and other Holy
Days of the Christian Year. By Rev. W. Denton, A. M. 2 vols. 36s. Sold
soparately.

Commentary on the Acts. By Rev. W. Denton, A.M. Vol. 1.
8vo. 18s. Vol. II. 14s,

Notes on the Catechism. By Rev. Canon Barry, D.D. G6th Edit.
Feap. 2s.

Catechetical Hints and Helps. By Rev. E. J. Boyce, M.A. 4th

r . Kdition, revised. Fcap. 2s.6d.
" Examination Papers on Religious Instruction. By Rev. E. T,
Boyco. Sewed. 1s. 6d.

Church Teaching for the Church's Children. An Exposition
of the Catechism. By the Rov. F. W. Harper. HSq. Feap. 2s.

The Winton Church Catechist. Questions and Answers on the
Teaching of the Church Catechism. By the late Rev. J. S. B. Monsell,
LL.D. 3rd Edition. Cloth, 3s.; or in Four Parts, sewed.

Thne Church Teachers Manual of Christian Instruction. By
Rev. M. F. Sadler. 28th Thousand. 2s. 6d.

Short Explanation of the Epistles and Gospels of the Chris-
tian Year, with Questions. Royal 32mo. 2s. 6d.; calf, 4s. 6d.

Butler's Analogy of Religion; with Introduction and Index by
Rev. Dr. Steere. New Edition. Feap. 3s,6d.
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Lectures on the History of Moral Philosophy in England. By
W. Whewell, D.D. Crown 8vo. 8s.

Kent's Commentary on International Law. By J. T. Abdy,
LL.D. New and Chenp Edition. Crown 8vo. 10s. 6

A Manual of the Roman Civil Law. By G. Leapmgwell, LL.D.
8vo. 12s.

FOREIGN CLASSICS.

A series for use in Schools, with Inglish Notes, grammatical and
explanatory, and renderings of difficult idiomatic expressions.
Feap. 8vo.
Schiller's ‘Whallenstein. By Dr. A. Buchheim. 3rd Edit. 6s. 6d.
Or the Lager and Piccolomini, 3s. 6d. Wallenstein’s Tod, $s. 6d.

Maid of Orleans. By Dr. W. Wagner. 3s. 6d.

Maria Stuart. By V. Kastner. 3s.

Goethe's Hermann and Dorothea. By E. Bell, M.A., and
E. Wolfcl. 2s, 6d.

German Ballads, from Uhland, Goethe, and Schiller. By C. L.
Bicleleld. 3rd Fdition. 38s. 64,

Charles XTI, par Voltaire. Ly L. Direy. 4th Edition. 3s. 6d.

Aventures de T(iémaque, par Fénélon. By C. J. Delille. 2nd
Edition. 4s. 6d.

Select Fables of Lin Fontaine. By F. E. A. Gase. 14th Edition. 3s.

Piociola, by X. B. Saintine. Dy Dr. Dubue. 11th Thousand. 1s. 6d.

FRENCH CLASS-BOOKS.
Twenty Leasons in French. With Vocabulary, giving the Pro-

nunciation. By W. Brebner. Post 8vo.  4s.

French Grammar for Public Schools. By Rev. A. C. Clapin, M.A.
Feap. Svo. 9th Editiou, revised. 2s, 6d.

French Primer. By Lov. A. C. Clapin, M.A. Feap. 8vo. 5th Edit.
1s.

Primer of French Philology. By Rev. A. C. Clapin. Feap. 8vo.
P T S TT DR

T Nouveau Trisor; or, French Student’s Companion. By
M. E. 8. 16th Kdition. Feap. 8vo. 3s, 6d.

F. E. A. GASC'S FRENCH COURSE.
First French Book. Fcap. 8vo. 86Gth Thousand. 1s. 6d.
Second French Book. i2nd Thousand. Feap. 8vo. 2s. Gd.
Key to First and Second French Books. Fcap. 8vo. 3s. 6d.
Freln221h Fables for Beginners, in Prose, with Index. 15th Thousand.
0. 2,
Select Fables of La Fontaine. Now Edition. Feap. 8vo. 8s.

Histoires Amusantes et Instructives. With Notes. 14th Thou.
sand. Fcap. 8vo. 2s. 6d.
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Practical Guide to Modern French Conversation. 12th Thou-
sand. Fcap. 8vo. 2s. 6d.

French Poet.ry for the Young. With Notes. 4th Edition. Feap.

8vo.

Msterlala for Frenoh Prose Composition; or, Selections’ from
fkhO bgat English Prose Writers. 16th Thousond. Feap. 8vo. 4s. 6d.

ey, 6s.

Prosateurs Contemporains. With Notcs. 8vo. Gth Edition,
revised, 5s.

Le Petit Compagnon; a French Talk-Book for Little Children.
11th Thousand. 16mo. ©s. 6d.

An Improved Modern Pocket Dictionary of the French and
English Lanouages, 30th Thousand, with Additions. 16mo. Cloth. 4.
Also in 2 vols. in neat leatherette, 5s.

Modern French-English and English-French Dictionary. 2ud
Edition, revised. In1 vol. 12s. 6d. (formerly 2 vols. 25s.)

GOMBERT'S FRENCH DRAMA.
Being a Selection of the best Tragedies and Comedies of Molidre,

Racine, Corneille, and Voltaire. With Argmments wn'l Notes by A,
Gomhert. New Edition, revised by F. E. A. Gasc. Feap. Svo. 1s. encli;
sowed, 6d. CONTENTS.

Moriere:—Le Misanthrope. I’Avare. Le Bourceois Gentilhomme. 1o
Ta.rtuﬂc Le Malade Imaginaire. Los Femmes Suvantes, Les Fourberies
de S Les Préei Ridicules, L’Ecole des Fowmes., L'Ecole (s
Maris. Le Médecin malgré Lui.

RACINE :—Phédre. FEsther. Athalie. Iphigénic. TLes Plaideurs. La
Thébaide; on, Les Fréres Ennemis. Andromaquo. Britanuicus,

P. CorNEILLE:—~Le Cid. }orace. Cinnn, Polyeucte.
© VOLTAIRE :—Zaire.

GERMAN CLASS-BOOKS.

Materials for German Prose Composition. By Dr Buchhcin.
7th Edition. Feap. 4s.6d. Key, 3=
‘Wortfolge. or Rules and Exercises on thc Order of Words in
German Sentences. By Dr. F. Stock.  1s. Gd.
A German Grammar for Public Schools. By the Rev. A. C.
* Clapinand F. Holl Miller. 2ud Edition. Feap. 2s. G6d.
Kotzebue’s Der Gefangene. With Notesby Dr. W. Stromberg? 1s.

ENGLISH CLASS-BOOKS.

A Brief History of the English Language. Dy Prof. Jas. Hadley,
LL.D., of Yale College. Ycap. 8vo. 1s.

The Elements of the English Language. By E. Adams, P'L.D.
19th Edition. Post 8vo. 4s. 6d.

The Rudiments of English Grammar and Analysis. DBy
E. Adams, Ph.D. 8th Edition. Fecap. 8vo, 2s.
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By C. P. Mason, Fellow of Univ. Coll. London.

First Notions of Grammar for Young Learners. Feap. 8vo.
10th Thon<and. Cloth, 8d. '

First Steps in English Grammar for Junior Classes. Demy
18mo. 32ud '.l‘lxousa.qd. 1s,

Outlines of English Grammar for the use of Junior Classos.
31st Thousand. CrownS8vo. 2s.

English Grammar, including the Principles of Grammatical
Analysia. 25th Edition. 86th Thousand. Crown 8vo. 3s. 6d.

A Shorter English Grammar, with copious Exercises. 8th Thou-
sand, Crown 810, 3s. Gd.

English Grammar Practice, being the Exercises separately. 1s.

Code Standard Grammars. IartsI. andI1. 24.cach. PartsIV.

and V7, 3 caeh.

Practical Hints on " eaching. Dy Rev. J. Menet, M.A, 6th Edit.
revised.  Crown?, o. cloth, 2s. 61, ; paper, 25,

How {0 Finrn t'.e Merit Grant. A Manual of Schonl Manage-
ment. By (L AMaor, BLAL, Bteo 2o Edit. reviced. Part I, Infant
Scehool, 5. Pt II ts Complere, s,

Test Lessons in Dictation. 2nd Edition. Paper cover, 1s. 6d.
Quostions for Examinations in English Literature. By Rev
W. W. 8keat, Prof of Anglo-Saxon at C.unhridee University.  2s, 6d.
Drawing Copies. Dy P. H. Delamotte. Oblong 8vo. 12s. Soi

2lso in paiis at s eneh,

Poetry for thie Schoolroom. Xew Edition. Feap. 8vo. 1s. 6d.

Geographical Text-Book; a Practieal Geography. By M. E,

12mo. 2.
The Blank Maps done up separatcly, 4to. 2s. coloured.

Loudon's (Mrs.) Entertaining Naturalist. New Edition. Revis
by W. 8. Dallas, F.L.S.  5s,

Handbook of Botany. New Edition, greatly enlarged °
D. Wooster. Feap, s, 6d.

Tne Botanist's Pocket-Book. With a copious Index. By W
Hayward. J$vd Edit. revised. Crown 8vo. cloth limp. 4s, 6d.

Hxperimental Chemistry, founded on the Work of Dr, Stockhar
By C. W. eatou. Post 8vo. 5.

Tauble Entry Elucidated. By B. W. Foster. 12th Edit.
35, 6.

A New Manual of Book-keeping. By P. Crellin, Accour
Crown évo. 3s. 6d. .

Picture School-Books. In Simple Language, with nw
Illustrgtions. Royal 16mo.

Sehool Mrimor.  6d.—School Reader. By J. Tilleard. 1s.—Poct
for Sc 1s.—The Life of Joseph. 1s.—The Scripture Parables.
Rev. J.¥. Clarke. 1s.—Tho Scripture Miracles. By the Rev. J. E.
1s.—The New Testament History. By the Rev. J. G. Wood, M.A.
Ol Testament History. By the Rev. J. . Wood, M.A. 15.—The
P yan’s Pilgrim’s Progress. 1s.—Tho Life of Christopber Coluu
Sarah Crompton. 1s.—The Lifo of Martin Luther. By Sarah Crom;
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BOOKS FOR YOUNG READERS.

A Baries of Rending Books to facilitatethe acquisition of the /mwer
of Reading by very young Children. In8 vols. Limp cloth, 84. cach

"l!heo;tmdtuenon_ Sun and his Dog Red-leg.

Bob and Tom Lee. Switable
The nﬂm-bagmlmb Vihe Rosewood Box. POOr ( rnfonts.
The Story of Three Monkeys
Story of @ Cat. Told by Herself.

The Blind Boy. The Mute Girl. A New Tale of

Pabes in a Wood. Suitable
%he Doy and the Enight. The New Bank Note for

The Royal Vit A King's Walk on a Wintor's Day S}u':tdﬂ&
Queen Bee and Busy Bee. o A

A Pirst :Book of Geogmphy By the Rev. C. A. Johns.
lustrated. Double size, 1s.

BELL'S READING-BOOKS.
FOR SOHOOLS AND PAROCHIAL LIBRARIES.

of the * Books for Young Redflers’ 1s a sufficicnt proof that
teaphers and pupils alike approve of the use of intercsting storw s, i pliwce of
the ecambination of letters und syllables, of which elemn ntury 1¢ading books
mﬂlymﬂﬁ The Publishers have thereforo thoneht 1t 1dvi able to« xtend
apphoation of this p ple to books adapted for wore adyanced 10adcrs.
Now Ready. Post 8vo. Stiongly bound.
Yrimm'’s Glerman Tales. (Selected.) 1s.
ndersen’s Danish Tales. (Sclected.) 1s. St i
Great Englishmen. Short Laves for Young Cluldren. 1s.{ ™"
Great Englishwomen. 1n the press, (St lad
famb's Tales from Shakespeare  (Selccted.) 1. u
's Tales. A Selection. 1s.
dends in Fur and Feathers. By Gwynfryn. 1ls.
srables from Nature. (Selected.) By Mrs. Gatty. 1s.
‘he ught of Truth, and other Parables Ly Mis. | tming
v,

’ Rnﬁy Ca) Muryat. (Abgd) 1s.6d.
dlivor‘id'mvdl (Azbndé’:d.) e
l';b; or, Gnmplu of Life in I‘unne ByA. R.Ells,

l Standarda

‘mcmoo.
Vicar ofWﬂmﬂlld. Abridged.
?h?m Bycapt.uan-y-.t. (Abdg) 15,64,
dnﬂ. Ahg&ed.
m‘% ¢ Mipu.nd?hns 1s. [
Buno:man 1s.

&W}ymu  Bows, Tower Bteeet, Bt. Mu ti's Lane,
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